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Abstract

Non-exponential relaxation is pervasive in glassy systems and intimately
related to unique thermodynamic features, such as glass transition and aging;
however, the underlying mechanisms remain unclear. The time scale of non-
exponential relaxation goes beyond the time limit (nanosecond) of classic
molecular dynamics simulation. Thus, the advanced time scaling atomistic
approach is necessary to interpret the relaxation mechanisms at the exper-
imental timescale. Here, we adopted autonomous basin climbing (ABC) to
evaluate the long-time stress relaxation. At the same time, based on the energy
minimization principle, we carried out simulations at continuum levels on
the long-time stress relaxation kinetics of Cu—Zr metallic glass over times-
cales greater than 100 s. Combined with atomistic and continuum models, we
demonstrate that a strain-dependent transition from compressed to stretched
exponentials would happen, consistent with recent experimental observations
on metallic glasses. Further examination of the spatial and temporal correla-
tions of stress and plastic strain reveals two predominant driving forces: the
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thermal energy gradient governs in the compressed regime and leads to a
release of the local internal stress; in the stretched regime, the strain energy
gradient rules and causes long-range structural rearrangements. The discovery
of the competition between two driving forces advances our understanding of
the nature of aging dynamics in disordered solids.

Keywords: metallic glasses, stress relaxation,
spatial and temporal correlations, chemical potential
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1. Introduction

Due to the unique combination of mechanical/physical properties, metallic glasses (MGs) are
promising candidate materials for structural and functional applications [1, 2]. These materials
have attracted tremendous attention regarding some key scientific phenomena, such as glass
transition [3], aging [4, 5], and microscopic deformation [6]. All of these phenomena are over-
lapped with relaxation in non-equilibrium glassy systems based on the previous experimental
and numerical studies [7, 8]. Non-exponential relaxation is a classic dynamics phenomenon for
conventional glassy materials, including polymeric glasses, oxide glasses, molecular glasses,
and MGs. The relaxation response can be described by the empirical Kohlrausch—Williams—
Watts (KWW) equation G (7) = exp [(—I/T)B} in which 7 is the relaxation time, and £ is the
shape exponent [9, 10]. Intensive studies have been carried out to unveil the physical mechan-
ism of the non-exponential relaxation dynamics [10-22], as the outcomes promote our under-
standing of the nature of glasses and their properties. However, several key questions regard-
ing the relaxation mechanism remain. For example, what critical role does mechanical stress
play in the structural relaxation of MGs? And how does the mechanical stress bias the atomic
dynamics?

X-ray photon correlation spectroscopy (XPCS) is a powerful tool to characterize the struc-
tural rearrangements and atomic evolution in MGs. A large number of XPCS measurements
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have consistently reported a compressed (5 > 1) relaxation behavior for MGs under the stress-
free condition [5, 23, 24], suggesting faster atomic dynamics than in Debye relaxation (where
B = 1). However, another set of XPCS measurements by Das et al [25] on MGs subjec-
ted to in-situ four-point bending reported a notable increase in 7 and a surprising transition
from a compressed exponential to a stretched one as the applied stress increases. On the other
hand, although nearly all stress relaxation tests on MGs have consistently reported stretched
exponentials [18, 20, 26-29], the study by Zhao et al [19] discovered a decrease in 5 when the
imposed strain in the stress relaxation tests increases.

Despite that substantial progress has been made in experiments and modeling of the relax-
ation dynamics, the origin of the non-exponential relaxation remains a mystery. One hypo-
thesis, according to classical viscoelastic theories, is that the dynamic heterogeneity in the
different spatial regions leads to the apparent non-exponential decay, which could be math-
ematically treated as the superposition of simple exponential units [20, 30, 31]. However, since
these theories are primarily phenomenological, the underpinning microscopic mechanisms are
unclear. For instance, it has been pointed out recently that a superposition of simple exponen-
tials can only lead to the stretched exponentials, but not the compressed ones [5]. In addition,
the size independence of the shape exponent 3 discovered recently contradicts the hypothesis
based on the size and spatial distribution of dynamic heterogeneity [32]. Others emphasize
the role of many-body effects [33] at a very local scale, yet there is still a lack of quantitat-
ive theoretical predictions and experimental evidence. On the other hand, molecular dynam-
ics (MD) simulations have helped to illustrate several microscopic relaxation mechanisms,
such as self-diffusion [34], string-like motion [35, 36], and cage breaking [37]. Recently, Wu
et al [38] argued that a compressed relaxation (5 > 1) is related to clusters of icosahedra,
whereas a stretched one (0 < 8 < 1) is related to isolated icosahedra. These microscopic
mechanisms are responsible for the fast relaxation in glassy systems within sub-nanosecond
timescales (~107'2-107? s). Nonetheless, the extremely small timescales in MD simulations
make it challenging to explore the atomic relaxation dynamics in experiments (typically ~ 10—
10* s). Thus, there still remain various long-time relaxation mechanisms on the experimental
timescale that need to be explored.

Recently, the researchers adopted long timescale atomistic simulation to capture the rhe-
ological behavior in response to the external loading [39]. Long timescale atomistic simula-
tion refers to a group of simulation algorithms that could provide an atomic resolution of the
physical process with a description over the timescale beyond traditional MD simulation. In
general, a sampling method needs to be adopted, combined with other techniques, such as
transition state theory [40], nudged elastic band (NEB) method [41], etc. With the help of
these techniques, researchers could explore the slow evolution process of defects in metal-
lic and amorphous materials, such as point defect migration [42], surface nucleation of twin
boundary [43], plastic deformation of nanostructure [44, 45], and amorphous creep mechanism
[46]. Of course, it should be noted that there are different sampling approaches, each with some
advantages and limitations. At present, there is no general method for long timescale atomistic
simulations. As to which approach a specific problem should adopt, it needs to be considered
on a case-by-case basis [47]. Autonomous basin climbing (ABC) was a time scaling atomistic
simulation approach developed by Sidney Yip and other researchers in 2009 [48]. It was mod-
ified from metadynamics, and it can provide an insightful description of creep and plastic slip
avalanches of MGs [46, 49].

In this study, we present a two-level modeling approach to address the underlying mechan-
isms of long timescale relaxation in Cu—Zr MG. At the atomistic level, we use ABC combined
with NEBs. At the continuum level, we employ a mechanism-based viscoplastic model for
MGs based on a grand canonical thermodynamic framework [50]. Both strategies discover a

3
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consistent strain-dependent transition of the relaxation dynamics in Cu—Zr MG, whose causes
are further discussed by detailed spatio-temporal correlation analyses.

2. Atomistic modeling

2.1. ABC method and atomistic modeling

The atomic Cu—Zr MG model (10 x 5 x 2 nm? in size) contains 5760 atoms created by melting
and quenching processes (please refer to appendix C). The periodic boundary conditions were
applied in the x- and z-axes, while two free surfaces in the y-axis were created by adding a
vacuum layer on each side. To simulate the stress relaxation process, we first stretched the
model along the x-axis until 5 = 1 x 1072 and 5 x 1073, respectively, and maintained the
box length in the z-axis (thus, the model was under the plane-strain condition).

The atomic configurations associated with the stress relaxation process are probed using
ABC. The specific calculation process is as follows. The initial atomic Cu—Zr MG system
under an applied strain is stimulated by adding a certain number of penalty on the potential
energy surface (PES) of the initial system. The penalty functions in this work are in quartic
form (¢; in figure 1(a)). After applying every penalty, we relaxed the system using energy min-
imization. After a series of penalties are applied to the system, ABC samples the PES of Cu—Zr
MG system and captures the atomistic configurations of the energy minimum. Then, NEB [41]
approach is adopted to calculate the energy barriers between the energy minima. Finally, we
use transition state theory (At = [vexp (—AU/kgT)] ~!in which AU is the energy barrier, v is
the attempt frequency, kg is Boltzmann constant, and 7 is the absolute temperature) to convert
each energy barrier into the evolution time for the relevant atomic configurations. The relax-
ation time is calculated through summing the transition time of all successive states ordered
by stress. The variation of the stress versus the state subject to the different constant strains is
shown in figures 1(b) and (c). The corresponding barrier energies of the transitions follow the
axile on the right-hand side. 7 = 300 K is adopted in this work. For details of the ABC simu-
lations, please refer to appendix C. We would like to remark that the ABC sampling is on the
potential energy landscape and the entropy effect on the energy surface is not considered. The
temperature effect comes into the frame in transition state theory and 7' = 300 K is adopted in
this work.

2.2. Relaxation dynamics and plastic deformation

In figures 1(b) and (c), at &g = 5 x 107, the stress drops to zero with small energy bar-
riers (<0.1 eV) (figure 1(b)). At g = 1 x 1073, however, only a portion of stress is
relaxed, and the energy barriers are large (>0.1 eV), corresponding to a much larger relax-
ation time (figure 1(c)). With the evolution of the stress versus time, we can plot the relax-
ation function G(¢) versus the normalized time (¢ is normalized by the relaxation time 7),
as shown in figure 1(d) (G (1) = [0 (f) — 00|/ Ao; see appendix D). KWW fitting gives a
compressed exponent 3 = 1.27 for eg = 5 x 107> and a stretched exponent 3 = 0.30 for
g0 = 1 x 1073, Although the applied strain £y = 5 x 1077 is rather small, the resulting tensile
stress (=10 MPa) is notably larger than the stress fluctuation (=4 MPa) during NPT relaxation
in MD. This confirms that the response of the model is from the mechanical stress relaxation.
It is noted that the atomistic data exhibit a certain fluctuation, which arises from the unpre-
dictable sampling path and the limited sampling states. Fluctuations in data of this kind were
frequently noticed in studies involving stress relaxation or creep where ABC-based time scal-
ing atomistic simulation was employed [51, 52].

4
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Figure 1. (a) Illustration of basin filling with quartic penalty function ¢; in ABC
approach and the expression of the penalty function ¢ ;. Evolutions of stress and energy
barrier AU between the successive states of Cu—Zr MG system during the relaxation
processes at gp = 5 x 107> (b) and &9 = 1 x 1072 (c) sampled by ABC, respectively.
(d) Relaxation function versus time at different applied strains. The solid lines are the
fitted curves using the KWW equation G (r) = exp[(—1/7)"].

a at &, =5x107 b at g, =1x10°
0.017 Eum 4.3x1072¢
0.01 0.02
T 0.005 2.4x10 ¢ £ 0.01
0 0
1.87 7.1x105¢

Figure 2. Typical evolutions of the local atomic plastic shear strain from ABC at
g0=5x 107" (@andeg =1 x 107 (b).

Next, we analyze the underlying atomistic relaxation mechanism by monitoring the plastic
deformation. In the compressed regime (g9 = 5 x 107), the isolated ‘islands’ of the atomic
plastic strain distributes randomly inside the material (figure 2(a)). In contrast, in the stretched
regime (g9 = 1 x 107?), the plastic strain field is more uniform and becomes percolated with
time increasing (figure 2(b)). It suggests that MG’s relaxation dynamics and the underlying
atomic motion highly depend on the mechanical strain.

5
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3. Continuum modeling

3.1 Continuum theory and finite element modeling

In this section, we further explore the relaxation dynamics using a continuum model for the
viscoplasticity of MGs, which is based on a thermodynamically consistent theoretical frame-
work proposed in [50]. In the continuum model, the structural state of MG is represented by the
spatial field of the free volume ratio, defined as p(x, 1) =1 — Q cx, 1) (Q is the atomic volume
and c is the local atomic concentration). Note that there is a negative correlation between the
change in the free volume ratio p and the change in the local density. A drop in p (i.e. 4p < 0)
means that extra atoms are squeezed in locally so that the local free volume annihilates and
the local density increases. First, a coarse-grained expression for the free energy functional of
MG, V¥, is adopted (see appendix A). Next, the initial field p(x, 0) is generated by an equi-
librium process for the subsequent stress relaxation tests. The evolution of the free volume
ratio distribution is realized through the atomic flux driven by the chemical potential gradient,
J = —Dc V¥V ulkgT (i is the chemical potential, and D is the diffusion coefficient) [53, 54].
This evolution equation guarantees a monotonic decrease in the system’s free energy during
the microstructural rearrangement. The whole continuum simulation algorithm is implemen-
ted in an open-source finite element method (FEM) software, FEniCS (see appendix B for
details) [55, 56]. Using the above two simulation approaches, we carried out studies on the
structural relaxation process and the underlying micro-mechanisms of MGs at the timescale
comparable to the experiments.

FEM simulations are conducted on a 2D model (200 nm x 50 nm in size) with a mesh size
of 2nm x 2 nm. A time step of 1 x 1073 s is used. The left end of the model was horizontally
constrained, and the top and bottom edges are set as traction-free. Before the relaxation simu-
lation, the intrinsic structural heterogeneity in the model is taken into account by assigning a
random free volume ratio to each node (following a uniform distribution with the average free
volume ratio p,, = 0.01 and the standard deviation of 5 x 1073) [57, 58] followed by an equi-
libration step for 10 s. The equilibration resulted in a Gaussian distribution of the free volume
ratio (with the average free volume ratio p,, = 0.01 and a standard deviation of 6 x 10~%) in
the model, similar to the experimental observations [59, 60]. This equilibrated state is defined
as the initial state of the system. Then, the stress relaxation tests were carried out on the model:
The left end of the model was horizontally constrained, and the top and bottom edges are set as
traction-free. A strain ¢ is imposed on the right end and maintained throughout the relaxation
process. The evolutions of the microstructural state and mechanical stress distribution for the
MG system are obtained to perform spatio-temporal correlation analyses.

3.2. Strain-dependent transition from compressed to stretched relaxation dynamics

Thirteen relaxation tests are conducted on a 2D CusgZrsy sample (200 x 50 nm?) subjec-
ted to an initial strain &y ranging from 1.0 x 107°-2.0 x 1073 using the continuum model.
Figure 3(a) summarizes the relaxation processes predicted by the continuum model. Fitting the
results with KWW equation to obtain the shape exponent /3, we note that both simulation tech-
niques reveal the consistent strain-dependent transition of the relaxation dynamics (figures 1(d)
and 3(a)). When the imposed strain is less than a critical value (i.e. g < &, ~ 1 x 107%),
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Figure 3. (a) Simulated relaxation function of MGs versus the normalized time at dif-
ferent applied strains based on the continuum model. The solid lines are the fitted curves
using the KWW equation G (£) = exp[(—t/7)"]. (b) Fitted shape exponent /3 obtained
from the continuum simulations and ABC calculation in this study compared with the
previous experiments [19, 21]. The transition from the compressed exponential to the
stretched exponential happens beyond the critical strain e, ~1 X 1074,

the material shows a compressed relaxation (8 > 1); However, when ¢y > ¢, the mater-
ial shows a stretched relaxation (5 < 1). The decrease in the shape exponent 3 with the
imposed strain ¢y agrees with the experiments on La-based and Zr-based MGs [19, 21].
The elongation of the relaxation time (see figure D1) for Zr-based MG under consider-
able external stress/strain has also been confirmed by recent in-situ XPCS experiments [25].
Note that &y = EgoQ)* /kgT in figure 3(b) is the normalized imposed strain (E is Young’s
modulus) in order to compare our results with the previous results in the literature. The
normalized critical strain where the compressed-to-stretched relaxation transition happens
is €. = 0.02.

Moreover, the consistency between the relaxation behaviors predicted by the continuum
model and ABC method indicates that the non-exponential relaxation behavior of MGs is inde-
pendent of the system size—despite the diverse model sizes, a consistent change of the shape
exponent [ is seen. This makes us question the assumption of spatially distributed Maxwell-
fluid-like regions in MGs based on the classical viscoelastic analysis: if Maxwell (simple expo-
nential) units with the specific length scales exist in MGs, the shape exponent must exhibit size
dependence. Our finding here agrees with the recent report by Shang ef al, who also observed
a scale-invariant shape exponent for binary glass models with different sizes through atomistic
simulations [32].

Next, we examine the evolutions of the microstructures and microplasticity in the con-
tinuum model in two typical cases—the compressed relation at g = 5 x 1073 (or the nor-
malized strain & = 0.01), and the stretched relaxation at ¢ = 1 x 1073 (or § = 0.2). In
the material after the compressed relaxation at £g = 0.01, the continuum model suggests that
the spatial distribution of the change of the free volume ratio (also reflecting the change of
the local atomic density), Ap, though showing spatial fluctuations in both cases, is more
scattered and random (figure D2(a)). Thus, it is not surprising that the plastic deformation,
caused by the local exchange of atoms, also scattered randomly in the model (see figure 4(a)).
A similar phenomenon is noticed in the ABC simulation at the normalized strain €9 = 0.01
(figure 2(a)). These features suggest that with a small amount of mechanical energy input,
structural rearrangements happen very quickly to ease the density inhomogeneity, leading to a

7
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Figure 4. Typical evolutions of the plastic strain from continuum simulations at
c0=5x 107 (@) and g = 1 x 107 (b).

compressed relaxation. This short-range free volume change (or the density change) associated
with a cascade mechanism of relaxation has been evidenced by the evolution of the position
of the first diffraction peak through XPCS [7].

In contrast, for the model after the stretched relaxation at g = 1 x 1073 (or &, = 0.2),
it shows that the extrema of Ap occur primarily near the free surfaces of the sample
(figure D2(b)), suggesting atomic dynamics gradually decaying toward the sample interior.
Accordingly, the plastic deformation occurs first near the surface and then gradually ‘diffuses’
into the interior (figure 4(b)). Thus, the material exhibits percolated long-range plastic deform-
ation in the stretched relaxation, compared with the isolated plastic events in the compressed
relaxation (figure 4(a)). Correspondingly, ABC simulation at ¢g = 1 x 1073 gives similar
plastic deformation distribution characteristics—the plastic strain field exhibits a notably lar-
ger correlation length compared with that in the small strain case (figure 2).

Despite the disparity in size between the atomistic and continuum models, they share a
similar fundamental mechanism. As the applied strain increases, the strain energy density
gets progressively influential, thereby impacting the evolution of the PES and the selection
of microstructure evolution pathways. Thus, although the plastic strain patterns in figures 2
and 4 differ in term of their scales, the characteristic features given by both approaches for
small and large applied stresses are comparable.

3.3. Spatial correlations and correlation lengths for stress and plastic strain

All the above characterizations suggest that the different relaxation dynamics in the com-
pressed and stretched cases must be closely correlated with the distinct underlying micro-
plasticity mechanisms. We thus examine the spatial correlation functions for the stress and
plastic strain in all relaxation tests predicted by the continuum model [61, 62]:

Clr) = (51(0) -2 (r)) = (51(0)) {52 (r))

(51(0) - 52(0)) — (51 (0)) (52(0))°
where r is the distance from the sampled node (origin); field variables s; and s, are o (the
normal stress component) or €, (the plastic strain component) in the tensile direction. The
representative stress autocorrelation function (s; = s, = o) and plastic strain autocorrelation
function (s; = 52 = ¢,) for g = 5.0 x 107> and g9 = 1.0 x 1073 are shown in figure E1.
Overall, the spatial correlation functions at each moment during the relaxation consistently
decay exponentially with distance. We define the correlation length & so that C(€) = e!. The

(0
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trends of the stress correlation length £, and the plastic strain correlation length £, in all relax-
ation cases summarized in figures 5(a) and (b) show two distinct patterns. Despite the similar
initial oscillations, {, and &, in compressed relaxation cases tend to converge to the limiting
length scale of our model (that is, the mesh size = 2 nm), indicating thinning stress and plastic
strain networks. In contrast, in the stretched cases, £, consistently stabilizes at 3.5— 4 nm, and
&p stabilizes at a constant positively correlated with the applied strain (. The stabilized £, and
&p (when r > 47) summarized in figure 5(c) once again highlight that the change in the trends
of these two correlation lengths is consistent with the transition from compressed to stretched
exponentials.

More interesting features are revealed by the long-time (when t > 41) 0—¢, correlation
functions at different applied strains in figure 5(d). When ¢y < 2 X 10~4, no plausible o—¢,
correlation is observed beyond twice the mesh size, implying short-range structural rearrange-
ments that agree with the fine networks of €, distribution in figure 4(a) at # = 47. Nevertheless,
when inspecting the evolution of the Pearson correlation coefficient between o and €, over
time (see figure E2), we note that at small € the correlation coefficient first starts at a positive
value and then gradually decays toward zero. This trend is highlighted by the & — ¢, plots in
figure 5(e) for g9 = 5 x 107>, where & = o/ (Egy) is the normal stress normalized by the ini-
tially applied mechanical stress. It is particularly worth noting that a considerable number of
& values lie in the range of 2 < |&| < 6 at the beginning, indicating a significant internal stress
distribution in the system. These internal stresses are released through short-range structural
rearrangements during relaxation. This mechanism is consistent with the previous arguments
for the compressed exponential relaxations—the release of the internal stress at the atomic
scale causes ballistic-type motions and the cooperative atomic rearrangements [5, 7, 24, 63].

On the other hand, at large €, a consistent negative o — ¢, correlation and negative Pearson
correlation coefficient are seen throughout the relaxation procedures (see figures 5(d) and E2).
These relations suggest that the accumulated plastic strain brings down the local stress in
stretched cases. Taking eg = 1 X 1073 as an example, most of the normalized stress values at
the beginning lie between 0.8 and 1.2, and exhibit a negative correlation with ¢,,. The negative
slope remains during the aging process (see figure 5(f)). This anti-correlation between ¢ and
€p at large strains agrees with the recent molecular simulations [64].

To support the findings from the 2D model, continuum simulations have also been carried
out on a 3D model (see appendix F). When the applied strain increases from eg = 5 x 10~ to
g9 = 1 x 1073, the shape exponent /3 decreases from 0.93 to 0.29 (figure F1(a)). Meanwhile,
the plastic strain contour transitions from an isolated distribution (figure F1(c)) to a percol-
ated long-range pattern (figure F1(d)). This is evidenced by the increased correlation length at
g9 = 1 x 1073 (see figure F1(b)).

3.4. Effect of imposed strain on temporal correlations

Further, we examine the time correlations of the stress and plastic strain fields through the
two-time correlation function [5, 25]:

(s1(01) -52(12)) = (51 (1)) {52 (12)) .
\/ (Ist () = (51 () (Is2 12) = {s2 ()P

At small strains, the stress autocorrelation broadens subtly with time (manifested by the
width perpendicular to the diagonal in figure 6(a) for the case of £g = 5 x 107°). However,
at strains greater than e, a rapid broadening of the stress autocorrelation function is seen
(for example, the case of g = 1 x 10~ in figure 6(b)). The broadening width of the diagonal

R(l‘l,lz) = (2)

9
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Figure 5. Effects of the applied strain on the spatial correlations. Temporal evolutions of
the correlation lengths of stress autocorrelation functions (a) and plastic-strain autocor-
relation functions (b) under various strains. (c) The stabilized correlation lengths £, and
&y vs. the applied strain. When € < e, £ and £, approach to the mesh size; however,
when €9 > €., these two correlation lengths enlarge (particularly ). (d) Long-time
(t > 41) o—¢, correlation functions at various applied strains. Evolutions of relation-
ships of the normalized stress vs. the plastic strain at mesh nodes in the FEM model at
@ ep=5x10"and ) ep=1 x 1073, respectively. Solid lines are the least-squares
linear fits to highlight the correlation between two variables.

intensity profile clearly shows that the application of a mechanical stress slows down the atomic
dynamics in MGs. The same features have also been observed in recent XPCS experiments on
the structural relaxation in MGs under external mechanical stresses [25].

10



Modelling Simul. Mater. Sci. Eng. 32 (2024) 035026 W Zhu et al

b
1.0 4 5 1.0
atg, =5x10"° at g, =1x10"
3
t

095 ~ 2 0.95

1
0.9

1 2 3 4

Figure 6. Two-time correlation functions under different imposed strains. Stress auto-
correlation functions obtained at £g = 5 x 107 (a) and g = 1 x 1073 (b). Time is
normalized by the relaxation time 7.

3.5. Distinct driving forces for the compressed and stretched relaxation dynamics

From the perspective of non-equilibrium thermodynamics for a dissipative system, the atomic
dynamics is governed by the chemical potential gradient [33]. Thus, according to equation
(AS5), we express the chemical potential under the uniaxial tensile condition as

2y kgT _102 o
QF =29IV?p— = In(1— 1-p) ——=. 3
w/ V=t grin(l—p)+n(l=p) 5r =3 3)
thermal energy density elastic strain energy density

The first part on the right-hand side constitutes the thermal energy portion in which the two
terms are closely related to the free volume ratio p (or the atom density); the second part is
the elastic strain energy portion. Plotting the two portions in the relaxation tests shows that the
thermal part dominates at small strains, while the elastic strain energy part dominates at large
strains. The change in the dominant portion of chemical potential corresponds exactly to the
compressed-stretched transition of the relaxation dynamics (see figure 7(a)).

At small strains, the thermal energy part dominates so that the atomic fluxj is mainly driven
by Vu—~Vp (in other words, the atomic dynamics follows Fick’s law. See the top snapshot in
figure 7(b)). In this regime, compressed relaxation behavior is observed, and the short-range
structural rearrangements help to ease the density inhomogeneities (and isolated microplasti-
city events), consistent with the previous XPCS studies [7].

When ¢ > €, the strain energy part in equation (3) begins to dominate so that the atomic
flux is mainly driven by Vu—Vo. In this regime, the relaxation is stress-driven rather than
thermally driven (as shown in the bottom snapshot in figure 7(b)), and a stretched exponential
is observed. Overall, the strain-dependent transition of the relaxation dynamics revealed by our
continuum model and ABC simulation agree well with the recent experimental observations [7,
19, 25]. It is worth emphasizing that the driving forces for the two distinct relaxation dynamics
emerged from a rigorous thermodynamics framework, and no ad-hoc empirical plastic flow
rule was introduced.
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Figure 7. Thermally driven and stress-driven relaxation mechanisms in MGs. (a)
Comparison of the contributions from thermal energy density and elastic strain dens-
ity parts to the chemical potential. (b) Distinct atomic dynamics in the thermally driven
and stress-driven relaxation processes. Top: at g = 5 x 107, the gradient of thermal
energy density causes atomic flux (arrows represent the flux amplitudes as well as the
directions) from ‘dense’ to ‘loose’ regions. Bottom: at g9 = 1 X 10’3, the elastic strain
energy gradient drives the atoms to flow from high-stress to low-stress regions.

4. Conclusions

In this work, applying continuum mechanics theory and MD simulations, we conducted
numerical modeling on MGs’ relaxation dynamics on timescales comparable to those in exper-
iments. A consistent strain-dependent transition from compressed relaxation to stretched relax-
ation dynamics was observed. The cause of the transition is the changes in the driving force
of the relaxation dynamics. At small strains, the thermally driven atomic dynamics leads to
a compressed exponential relaxation. In this regime, local structural arrangements release
internal stress through dispersed plastic events. Whereas, at large strains (yet still far below
the yield strain), the structural dynamics is stress-driven so that a stretched exponential is seen.
In this regime, relatively long-range rearrangements are driven by the strain energy gradient,
accompanied by the percolated microplasticity during the relaxation. We anticipate that the
competition between stochastic local thermal forces and long-range elastic interactions com-
monly exists in other amorphous systems, such as yield stress fluids [65], polymer glasses
[66], and granular materials [14]. Furthermore, the strain-dependent transition of the relaxa-
tion dynamics is not sensitive to the system size, suggesting that the assumption of spatially
distributed fluid-like regions and the generalized Maxwell model are questionable. The find-
ings in this study provide new insights into the micro-mechanism of relaxation dynamics in
glassy materials.
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Appendix A. Mathematical framework for the continuum theory

In this study, we use the viscoplastic continuum model that was developed recently for MGs
based on the laws of thermodynamics [50]. Here a brief summary of the mathematical frame-
work is provided. After neglecting the inertia, the governing equations are summarized as:

Force balance: -V =0

Mass conservation: p —Q* (j- V) =0

1.
Kinematics: (aV + Vi) /2 =¢,+ [VI,N,, + 3JCI]

Plastic flow rule: N, =o'/ |l&’||, v, =Q*||GV)’|
Plastic swelling: J, = —Q%j - V

) s D(1—p)
M kinetics:j = ————+V
icroscopic kinetics: j or M
- v n
Constitutive law: 0 = — = (1 — p)" [Aetr(e.) T+ 2p.€,] (A4)

0g,
*57‘1/ + g dJ. tro
op 3 dp

Chemical potential: yn = —2
20*
— 20" IV — T”p+kBT1n(1 —p)
11
+nQ2* (1 —p)" ! 5)\gtr(f~se)2 + o€, Ee

1
—§Q*tr0'

where U (e.,p) = [, ¥ (€., p, Vp)dr is the free energy functional in which €2 is an arbitrary
subregion of a system. We choose the specific form of the free energy density ¢ as

a1 kgT(1—p
¥ (V) = (1 o) | Datrte? e e + BT0 =P 1 ).

+ 202+l (AS)

The first term on the right-hand side is the elastic energy density, where A\, and p,. are
Lame constants; n is a degradation exponent that emerged from the power-law relationship
between elastic moduli and free volume [67—69]. The second term leads to Fickian diffusion
in the absence of stress [70, 71]. The last two terms stand for the gradient (interfacial) energy
density ¢ V. Different approaches have been proposed to formulate 7/ V, including the work
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by Cahn and Hilliard [72], Elder et al [73], and Miehe et al [74]. In this study, we adopt the one
suggested by Miehe et al for phase-field fracture modeling by setting vV = yp? /I + 1 |Vp|2,
where the coefficient y is the surface energy per unit area and / is a characteristic length scale
(often taken as the shear band thickness). It implies an exponential spatial variation of the free
volume ratio dp o< exp(—lxl/l) once a new interface is created [74]. These three terms constitute
the thermal energy density closely related to the free volume ratio p (or the atom density).

Unlike the previous models that treated the amplitude of the plastic flow as a sole function
of the local states, we have proposed a new approach to link the atomic kinetics with the plastic
flow rationally. Both the atomic concentration and stress state contribute to the local chemical
potential, whose gradient V p acts as the driving force for the atomic flux according to Einstein
relation [54, 75]. Clearly, a homogenous flux will cause no macroscopic plastic deformation.
Therefore, we attribute the plastic deformation to the gradient of atomic flux jV, which can
be decomposed into two parts jV = 1 (j- V) I+ (jV) ' Thus, the plastic strain rate is decom-
posed into the swelling part (related to the spherical part of jV, that is, j - V or J.I/3) and the
volume-conserved part (associated with the deviatoric part of jV, that is, (V) /). The amp-
litude of the spherical part denotes the change of the local atomic concentration. Particularly,
(j - V) > 0 represents the atomic flux flowing out from a subregion. The deviatoric part (jV)/
is connected with the plastic flow amplitude v, by v, = Q* (]V)/H The flow direction par-
allel to the deviatoric stress tensor is consistent with most of the other continuum models for
MGs [76, T7].

In this study, simulations were carried out on Cu—Zr amorphous alloys in which the fol-
lowing parameters were employed [78-81]: Young’s modulus E = 83.5 GPa, Poisson’s ratio
v=0391,y=2Tm 2 Q =10~ m? and / = 10 nm (approximately the shear band thick-
ness). D is calculated as D = Dyexp(—AG/kgT) with Dy = 107° m s=2 and AG = 107" J;
T =300 K. n = 20 is adopted based on the experimental measurements [58, 82].

Appendix B. Finite element implementation and modeling

Based on Onsager’s variational principle [83, 84], the following rate-potential functional is
introduced:

I py) =¥ (€0 90) =W+ [ are [ (9 an
Q Q

+/¢v2dr (B6)
J 20 [6v) [

with the mechanical power exerted by the boundary forces W™ = [, #-i ds. 611 = 0 is
equivalent to the solution of the continuum model when the corresponding kinematics, con-
stitutive relations, and proper boundary conditions have been prescribed. With this weak for-
mulation, finite element simulations are performed using FEniCS, an open-source platform
for solving partial differential equations [55, 56]. The second-order Lagrange element was
used. Newton iteration was employed to solve the nonlinear equations through MUItifrontal
Massively Parallel sparse direct Solver.
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Simulations were conducted on a 2D model (200 nm x 50 nm in size) with a mesh size of
2nm x 2 nm. A time step of 1 x 1073 s was used. The left end of the model was horizontally
constrained, and the top and bottom edges were set as traction-free. Before the relaxation simu-
lation, the intrinsic structural heterogeneity in the model was taken into account by assigning a
random free volume ratio to each node (following a uniform distribution with the average free
volume ratio p,, = 0.01 and the standard deviation of 5 x 1073 [57, 58]) followed by an equi-
libration step for 10 s. The equilibration resulted in a Gaussian distribution of the free volume
ratio (with the average free volume ratio p,, = 0.01 and a standard deviation of 6 x 10~%) in
the model, similar to the experimental observations [59, 60, 85]. This equilibrated state was
defined as the initial state of the system. Then, the stress relaxation tests were carried out on
the model: The left end of the model was horizontally constrained, and the top and the bot-
tom edges were set as traction-free. A strain ¢, is imposed on the right end and maintained
throughout the relaxation process.

Appendix C. Detailed methodology of ABC simulations

The embedded-atom method potential developed by Cheng er al was employed in our
long-timescale atomistic simulation [86]. The atomistic Cu—Zr MG system was created
via a rapid quench approach with periodic boundary conditions in all directions: First, a
10 x 5 x 2 nm® CusyZrsy model consisting of 5760 atoms was heated to 1800 K and
held for 100 ps. Next, the model was quenched down to 1 K at a constant cooling rate
of 1.2 x 10'' K s7! and the isothermal-isobaric (NPT) ensemble was adopted to equilib-
rate the system at the temperature of 1 K. Then, a vacuum space (1 nm) was added to both
ends in the y-axis to mimic two free surfaces (figure C1), while the periodic boundary con-
ditions were kept in the x- and z-axes. Last, energy minimization was performed with the
steepest descent algorithm [87]. Finally, this atomistic model was ready for the relaxation
simulations.

To simulate the relaxation processes using the ABC algorithm, we pre-stretched the model
along the x-axis until g = 1 x 1073 and 5 x 1073, respectively. In ABC sampling approach,
at first, the steepest descent energy minimization was performed on the current system to
bring it to its nearest local energy minimum. Then, we applied the quartic penalty function

2
(¢p;=h[1-— (HT‘”) ]?) to the system to sample the PES to locate the neighboring local

energy minimum [48]. In the quartic penalty expression, r is the current configuration, §;_1
is the minimized configuration after the previous penalty was applied, w and & are shape coef-
ficients to define the size and shape of the penalty function. The ABC algorithm is explained
as follows: (1) take the pre-stretched Cu—Zr MG system as the initial state Er(r}%, and add
a penalty function on PES of the initial system; (2) perform energy minimization to check
whether the system locates at a new state. (3) If it is a new local minimum, record the new

state Er(ri)n, otherwise, go back to step (1). (4) Repeat steps (1)—(3) until sufficient states are
founded.

The ABC sampling process was terminated when the internal stress of the new state
dropped to zero or the number of penalty functions applied on the PES reached 3000.
The sampling results were a set of minimum structures on the PES. In principle, all
the new local energy minimums outputted from the ABC sampling were taken as dis-
ordered. Thus, we sorted the sampled states according to the stress level in the load-
ing direction. Besides, the state with higher stress than the initial state were removed.

Then, we applied the NEB method [41] to calculate the value of activation energies and
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Figure C1. The initial Cu—Zr amorphous alloy structure for MD simulations.

then estimated the transition time of each evolution step through the transition-state the-
ory. Based on the ordered sequences of the stress states, the evolution time is added
up.

The atomic plastic shear strain after the relaxation was calculated using the atomic
configuration right before ABC sampling as the reference configuration. The local von Mises
strain representing the atom-scale plastic shear strain was evaluated as:

1
Evm = \/E%/Z + E;z(z + E)Z(Y + 5 [(51/1/ - 522)2 + (exx — Ezz)2 + (exx — EYY)Z] ) (C7)

in which ¢;; are the components of the local Lagrangian strain. The aforementioned algorithms
were implemented in the open-source molecular dynamic code, Large-scale Atomic/Molecular
Massively Parallel Simulator [88], and the Open Visualization Tool was used for visualization
[89].

Appendix D. Stress relaxation results

A total of thirteen relaxation tests were carried out at imposed strains ranging from 1.0 x 10—
2.0 x 1073 based on the finite element model. Long timescale atomistic simulations of stress
relaxation by ABC were performed at imposed strains of 5.0 x 107> and 1.0 x 1073, During
the relaxation simulation, the stress was recorded by averaging the stress over the cross-section.
Figure D1 summarizes the stress vs. time results of all relaxation tests in which the stress is
normalized by the initial value (i.e. 6 (f) = o (t)/ o (t = 0)). The stress vs. time data are fitted
with R? > 0.97 for all the imposed strains using KWW equation:

o () = Aoexp [—(I/T)'H] + 000 (D8)
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Figure D1. Normalized stress vs. time data (circles) and the curve fitting by KWW
equation (solid lines) for MGs relaxation under various imposed strains for the con-
tinuum simulations (a) and ABC (b).
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Figure D2. Typical changes of free volume ratio Ap at g9 = 5 x 107> (a) and at
go=1x 1077 (b).

Appendix E. Spatial correlation functions

Typical spatial correlation functions of stress and plastic strain changing with time at
c0=25x 1077 (p=0.01) and 1 x 1073 (§y = 0.2) are shown in figure E1.
We also monitor the evolutions of the Pearson correlation coefficient between the stress and

plastic strain at different imposed strains (see figure E2). The Pearson correlation coefficient
is defined as

Ry—o, (1) = ——20 & ®) — 0 () {&, ()

(E9)




Figure E1. The spatial autocorrelation functions of stress and plastic strain at different
time ateg =5 x 1077 ((a) and (b)), and g9 = 1 X 1073 ((c) and (d)), respectively.

t/r

Figure E2. Evolutions of the Pearson correlation coefficient between stress and plastic

strain at various imposed strains.
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Figure F1. Transition of relaxation dynamics in 3D continuum model depending on
the applied strain. (a) Relaxation functions versus time at small and large applied strains
(e0=5x%x 107 andeg =1 x 107%). (b) The spatial autocorrelation functions of the plastic
strain at t = 47. (c)—(d) Typical evolutions of the plastic strain fields at g = 5 X 107
andey =1 x 1073.

Appendix F. 3D continuum model simulations

FEM simulations are also conducted on a 3D model (100 nm x 20 nm x 20 nm in size) with
a mesh size of 2 nm x 2 nm x 2 nm. A time step of 1 x 1073 s is used. Before conducting
the relaxation simulation, we introduce the inherent structural heterogeneity to the model by
assigning a random free volume ratio to each node. The random free volume ratio values follow
a uniform distribution with an average free volume ratio p,, = 0.01 and a standard deviation of
5 x 1073, Subsequently, the model was equilibrated for 10 s to allow the free volume distribu-
tion stabilize. Then, the stress relaxation tests were carried out on the model: The left end of the
model was horizontally constrained, and the top and bottom edges are set as traction-free. Two
initial strains (¢p = 5 x 107> and 1 x 10~?) are applied to the model and maintained through-
out the relaxation process. Figure F1 shows the stress relaxation results and the plastic strain

distribution.
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