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3-D Path-Following Control for a Model-Scaled
Autonomous Helicopter

Bing Zhu, Member, IEEE, and Wei Huo, Member, IEEE

Abstract— A 3-D path-following controller is proposed in
this brief for a 6-degrees-of-freedom model-scaled autonomous
helicopter. The reference path and path-following errors are
newly defined using implicit expressions. On the basis of geo-
metric analysis, a new speed error is designed for singularity
avoidance. The proposed control algorithm is designed using
command filtered backstepping, such that complicated solutions
for derivatives of virtual controls are circumvented. It is proved
that, with the proposed controller, path-following errors are
locally ultimately bounded. Theoretical results are demonstrated
by the numerical simulation.

Index Terms— Command filtered backstepping, nonlinear con-
trol, path-following, singularity avoidance, unmanned helicopter.

I. INTRODUCTION

EFERENCE tracking problems for mechanical systems
can be roughly divided into three categories: 1) point
stabilization; 2) trajectory tracking; and 3) path-following.
In the first two categories, closed-loop systems are expected
to track reference points or time-based reference trajectories.
Path-following differs from trajectory tracking in that no
specific temporal requirements are assigned for the controlled
vehicles and reference paths. It has been claimed during recent
years that path-following controllers are more applicable than
trajectory-tracking controllers in some specific areas [1].
Some recent representative theoretical researches on path-
following control of nonlinear systems can be referred to
[2], [3], where path-following controllers are designed for
nonlinear systems with unstable zero dynamics. Path-following
problems are also studied extensively for control of planar
or 3-D moving vehicles (e.g., wheeled robots [4], underwater
vehicles [5], fixed-wing aerial vehicles [6], [7], and snake-like
robot [8]).
Parameterized path-following is the most prevalent formu-
lation of the problem. The reference path is given by a
parameterized curve, and the task is to design an updating law
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for the path parameter [3], [S], [9], so that the path-following
problem becomes a point-tracking problem. Updating law for
the path parameter can be regarded as an extra control input
that excludes performance limitations imposed on trajectory
tracking [1]. Moreover, using parameterized path-following
control, control singularities can be avoided effectively [6].
However, there exist some drawbacks in parameterized
path-following control. For specific analysis, please see [10].

Another solution to the path-following problem is to design
a controller to stabilize path-following errors defined by
implicit expressions. For 2-D (planar) path-following, the
reference path is given by a 2-D manifold; while for 3-D
path-following, the reference path is given by intersecting two
3-D manifolds [10]. With this approach, the controlled vehicle
would enter into an invariant set enclosing the reference path.
The objective is to follow the entire reference path instead of
any moving points. However, path-following control based on
implicit reference path often suffers from singularities; thus,
its potential applications are greatly impeded.

In this brief, a new 3-D path-following controller for a
6-degrees-of-freedom (DOF) model-scaled helicopter is pro-
posed to overcome the drawback of singularities. The
reference path to be followed is given by intersecting
two 3-D manifolds. Local singularities around the ref-
erence path are avoided using the new definition of
speed error. The path-following controller is designed
with a newly developed technique named command fil-
tered backstepping [11], [12]. It is proved that, with the
proposed controller, path-following errors are locally ulti-
mately bounded. Simulation results are presented to demon-
strate the theoretical results. Main contributions of this brief
include: 1) the new formulation of the 3-D path-following
errors and the speed error; 2) the strategy of singularity
avoidance based on geometric analysis; and 3) the application
of command filtered backstepping to circumvent complicated
solutions for derivatives of virtual controls.

This brief is organized as follows. The path-following
problem is formulated in Section II; detailed procedures of
controller design are described in Section III; the simulation
results are shown in Section IV; and conclusion and future
works are presented in Section V.

II. PROBLEM STATEMENT

A. Notations

In this brief, the notation | - | denotes absolute value for real
numbers, and the notation || - | denotes Euclidean norm or
induced Euclidean norm for vectors (covectors) or matrices,
respectively.
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Fig. 1.  Simple illustration of the helicopter model, including reference
frames, flapping angles, and thrusts generated by rotors.

For any continuously differentiable vector function F(x) =
[f1(x), ..., fu@)]T : R* = R™, where x = [x1,...,x,]" €
R”", its Jacobian matrix is defined by

oh ... 2oh
oF , | ™ o
ox |- C

ofm . Unm

ox1 oxp

The cross product of covectors (row vectors) is defined by
xT x yT 2 (x x y)T, where x and y are vectors, and the
cross product of vectors x x y is defined conventionally.

B. Mathematical Modeling for Model-Scaled Helicopter

The helicopter model is shown in Fig. 1. For mathematical
modeling, we use two traditional reference frames: 1) the earth
reference frame (ERF) and 2) the fuselage reference frame
(FRF). For detailed definitions, please see [13].

The mathematical model of the model-scaled unmanned
helicopter could be derived by Newton—Euler equations
[14], [15]

P =V (1)
mV = —mgs+ R(y)F @)
R(y) = R(y)S(®) 3)
Joo =S Jo+ Q 4)

where P £ [x,y,z]T and V 2 [u,v, w]T are position and
velocity of c.g. of the helicopter in ERF, respectively, m
denotes the mass, g3 = [0,0, g]” and g is the gravitational
acceleration, y £ [¢,0, l//]T denotes the attitude in ERF, and

the rotational matrix is given by

cOcy  cyslOsp — chpsy  chpcysl + spsy
R=[Rij]1= | cOsy syslsp +cpcy cosysd — spcy
—s6 cOs¢p clce

where c¢(-) and s(-) are the shorts for cos(-) and sin(-),
respectively, @ = [p,q,r]’ represents the angular velocity
in FRF, and S(-) denotes the skew-symmetric matrix such that
S(w)Jw = w x Jw; the inertial matrix is given by
Ixx 0 _Ixz
JE| 0 Ly, 0
_IXZ O IZZ
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Resultant forces and torques in FRF are given by

Tmsag
F = | —Tysbs + T; 5)
Tmchgcag
Tinhmsbs + Lpbs + Tiht + Qmsas
0 = | Tulm + Tnhmsas + Maas + Qr — Qpsby (6)
B —Tinlmsbs — Til; + Qmcaschs

where T,,, Om, T;, and Q; represent the thrusts and the
counteractive torques generated by the main rotor and the

tail rotor, respectively; hn, h:, l,, and [; are the vertical
and horizontal distances between the c.g. of the helicopter
and the centers of the rotors, respectively; L, and M, are
longitudinal and lateral stiffness coefficients of main rotor
blades; and a; and by are the longitudinal and lateral flapping
angles, respectively. Since it is extremely fast compared with
the fuselage dynamics, the flapping dynamics can be neglected
in this brief. Expressions for thrusts with respect to collective
pitches are given by [16]

T; = tipsiAiQ] R} @)
2
; 1 a; |s; n aizs,- +2 P @)
@ s 4GS 20
“CT 4 4aV2 32 3

and expressions for counteractive torques are given by

0d 3 s
Qi = qeipsiAiQIR}, qei = 3 + 1.13t2 /5’ 9)

where subscripts (i = m, t) represent the main and tail rotors,
respectively; 6; denotes the collective pitch of the main or tail

rotor; p, i, ai, A;j, Q;, and R; denote the density of air, the
solidity of the rotor disk, the slope of the lift curve, the area
of the rotor disc, the rotational rate of rotors, and the radius
of the rotor disc, respectively; and Jy is the drag coefficient
with a typical value of 0.012 [16]. Motion of the helicopter is
controlled by 6,,, 6;, as, and by.

C. Control Objective

The reference path to be followed is a regular curve
described by implicit expression

%z{[xr,yr,zr]T e R*| fi(xr, yr,2,) =0, fz(xr,yr,zr)=0}
(10)

where fi(x,y,z) and fa(x,y,z) are C* functions with
respect to x, y, and z. The tangent covector of the reference
path satisfies

o oh

0
oP " OP|p_p 7

(11)
where P, € 2, .

Remark 1: Physically, df1/0P and 0f>/0P are normal
covectors of manifolds fi = 0 and f» = 0, respectively,
and the cross product 8f1/0P x 0f2/0P|p_p, denotes the
tangent covector of the reference path. On a regular curve,
0f1/0P and 0f>/0P are unparallel, and the tangent covector
is nonzero. Furthermore, the C* property of f; and f>
implies that 0f1/0P x 0fa/0P is C®, then it holds that
0f1/0P x8f2/0P # 0 in the near region of the reference path.
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The objective of this brief is to design a path-following con-
troller, such that the controlled helicopter follows the reference
path (10) with a reference speed v, > 0, or mathematically

im0 [f1(x(2), y(2), 2())] < &1
limis oo [f2(x(@), (@), 2(1)] < &2 (12)
lim; o0 VO —vil < &3

where g1, &2, and &3 are small positive numbers.

Remark 2: Reference path given by (10) is an intersection
of two 3-D manifolds (e.g., the reference path given in
Section IV is an intersection of a ball and a plane). Physical
implication of the first two equations in (12) is that if the actual
position of the controlled vehicle approaches both manifolds,
then it approaches the reference path. The third equation in
(12) implies that actual speed approaches the reference speed.

III. PATH-FOLLOWING CONTROLLER DESIGN

In this section, detailed controller design procedures for
the model-scaled helicopter are presented. The helicopter
model is simplified into a feedforward form to facilitate
backstepping design. Path-following errors are defined based
on implicit expressions, and are stabilized by virtual control
without singularities. Control thrust 7, and control torque
Q are designed according to command filtered backstepping
[11], [12]. Actual controls 6,,, 6;, as, and by are solved from
T, and Q.

A. Model Simplification and Transformation

The helicopter model (1)—(4) is strongly coupled, and it
should be simplified and transformed to facilitate controller
design. Since the cyclic flapping angles and the tail rotor
thrust are fairly small according to the physical properties
of the helicopter [15], [17], [18], it is reasonable to take
F =1[0,0, T;,]7 in (5) for simplification, and it follows that:

mV = —mgs + R3(y) T, (13)

where R3 denotes the third column of R. Approximating (2)
with (13) enables the helicopter model to appear cascaded,
and facilitates backstepping design.

Furthermore, the attitude kinematics can be described by

R3 = Rez = RS(w)e3 = —RS(e3)w (14)

where e3 £ [0,0, 117, |R3|| = 1, and R33 depends completely
on Rj3 and R»3. Extracting the first two lines of (14) yields

5 Ri3 —Ri2 Ru||p 5~

} |:R23} [—Rzz R21i|[€Ii| (1>
where R £ [R13, Ri]T, @ & [p, q]T. The yaw kinematics
can be given by [14]

;=S

C
v + 2,

AR
Defining yr = [R],y]”, it can be proved that
det (Oygr/dy) = cos@ > 0in the case of |#| < z /2. Therefore,
the map from y to yg is a local topological homeomorphism
according to the inverse function theorem, suggesting that (15)
and (16) are capable of representing the attitude kinematics

(16)

1929

under |#| < /2. |8 > =/2 implies an uncontrollable
situation, where gravity of the fuselage cannot be addressed
by the main rotor.

Assumption 1: Roll and pitch of the helicopter fuselage
satisfy |¢| < /2 and |0] < 7 /2.

The counteractive torque of the tail rotor Q; contributes a
tiny part of M, and is also negligible; therefore, the torques
in (6) can be simplified by

0 =04t + 0B (17)
where
ht Qm Tmhm + Lb 0
QA = 0 Tmhm + Ma _Qm 5 QB = Tmlm

and 7 £ [T}, ay, bs]”. Simplification of torques facilitates
calculating the actual controls.

In summary, the simplified helicopter model can be
expressed by (1), (4), (13), and (15)—(17).

B. Singularity Avoidance

In this brief, we consider the path-following errors

e1 = filx (), y(0), z()) (18)
2 = fo(x (1), y(), 2(0)).
It follows that:
812% PZ%V g1 =H +GV (19)
=% p=0tLy’ |&H=H+GyV
where, fori = 1,2
Pfio fin Pfia i
H; = 2
PE 2t + 6y2y + 022 ° + 6x6yxy
3 fi . i,
2 2
+ 8y8zyz + 8Zaxzx
a L
G; = i
opP
Remark 3: Typically, the speed error is defined by
32 (VIv —vH))2 (20)

such that é3 = VIV — v,9,. Then

. RiT,
(£ & é3]T:H+GV:H+G(—g3+ iﬂ") 1)

where H = [Hy, Hy, —v, V17 and G = [GT,GI, V]!,
As can be observed, control thrust and attitude appear in (21).

Remark 4: 1t is obvious that singularities would occur when
det(G) = (8f1/0P x 0f2/0P)V = 0. Physically, singularities
result from the following reasons:

S1 the actual speed ||V = 0;

S2  the actual velocity V is perpendicular to tangent cov-

ector of the desired path: (0f; /0P x df2/0P)V = 0.

Remark 5: The geometric indication of singularities result-
ing from S1 and S2 is that when actual velocity is a zero
vector, or perpendicular to the tangent vector of the desired
path, the controller is incapable of deciding which direction
to turn the controlled vehicle.
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To avoid singularities, a new speed error is introduced
A (0fi _0f2 ofi _ ofa
=l —— x =1V —-|— x =
oP OP oP OP
It follows from (18) and (22) that
=H(x,9,2,5,5,2)+9x,y,2V (23)

V. (22)

e . T
[e1 & é3]

where
H = [Hy, Hy, H3]" ,
T
@ = |:GT,G2,(af1 afz)]
oP = oP
and
6f1 a_fz vV — 6f1 a_fz v
dr *op dr “ap| |
_ afl o o
ap “ap |

Therefore, det (9) = ||0f1 /0P x 0f>/0P||> > 0 holds locally
around the reference path, and singularities resulting from S1

and S2 are avoided.

Remark 6: The first term at the right-hand side of (22)
represents the projection of actual velocity onto the desired
path, and the second term is always positive. Geometric
implication of (22) is that the desired direction for velocity
is assigned along the tangent vector of desired path.

Remark 7: Using the approach in Appendix B, it can be
proved that if &1 = 0, é& = 0, and &3 = 0, then |V| = v,,
suggesting that (22) does depict the speed error.

C. Command Filtered Backstepping Design

Step 1 (Virtual Control to Stabilize Path-Following Errors):
Substituting (13) into (21) yields

Tin
(51 5 &) =#+9 (—g3+?R3)
T ¢ =
=H+Y (—g3+?[R3T, c¢c<9]T)
1 T, _ -
=+ (—g3+—ag+—m[(R36+&g)T, O]T)
m m
(24)

where the virtual control is deﬁned by

az £ Tula! , cped]” (25)

and a, is the reference 51gnal to be tracked by the attitude
subsystem; command filtered reference signal is designed by

2
B
52 4 2& 00 + w2
reference gignal error and attitude tracking error are defined
by a, = a; — a, and Rz, = Rz — a,, respectively. In (26),
&, and w, are command filter parameters.

Design the virtual control

. (s) = @ (5) (26)

ao=m[g+ 97+ )] @
with the stabilizing term given by
—k11&1 — ki2e)
Ue = —Kee = | —ka1éa — knaér (28)
—k31€3
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where ¢ £ [e1, &1, €2, &2, €3]7 is the error vector, K, is a3 x5
matrix, and k;; > O are control parameters. Main rotor thrust

can be calculated from (27)

e3T O

cped’
Substituting (27) and (28) into (24) yields

(29)

m =

. T, - -
(61 & &]" = —Kee + ng[(Rl’se +a:)", 0]T~

Set L1 = 1/2¢T Ue as the Lyapunov candidate, where

Ui 0xx2 0O2x1
O1x2 Oix2  u3

1+kin kip 1
U = ki1 +k;2 ki ala ¢
= 1 1+kio - c b
ki2 ki1kia

and uz = 1/k3q £ 4. Eigenvalues of U; are positive, showing
that L1 > 0. Its derivative can be calculated by

T 1=/ 5 .
Li=—|el®+ ngTG(Rk + dz)

where & = [ce| + béy, cer + béa, dez]T, and
% %
5f2 “fz
ox
ofi 8f2 dh 3f2 3f1 of2

0y 0z 0z 0y 0z Ox Ox 0z

Step 2 (Virtual Control to Stabilize R3.): Reference signal
for attitude kinematics is obtained by

= [e1, e2]T == (30)

T
where e; = [l 0,017, e, £ [O 1,017,
by the attitude subsystem o
Select the Lyapunov candidate Ly = c;L1 + (1/2)R3T6R3e
with ¢, > 0. Its derivative can be calculated by

and &, is to be tracked

is = coir+ RL s,
= el + RE(Ry — )
=c.L1 + R3Te(1€’c?) — &g)
= ;i1 + RL(Rag + Rive + Rig — a,)
where ap is the virtual control for stabilizing R3,; command

filtered virtual control is designed by

CU2

aR(s) = S 0R(S) 31

- n
§2 + 28 0n + @2
command filtered and attitude tracking errors are defined by
or = or —ag and ®, = @ — aR, respectively.
Design virtual control
"G g) (32)

where kr > 0 is the control parameter; invertibility of R can
be proved by calculating det(R) = R11 Ry — R12R21 # 0.
Derivative of Ly can be calculated by

ar=R"! (_kRRSe + G

celTm _ = =
8TGag.

Ly = —cillel® =k | Rac|*+ RE,R (@c+iix) +
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Step 3 (Virtual Control for Yaw Angle): Reference yaw angle
is designed by

w, = atan2(v, u) (33)

such that head of the helicopter is expected to point forward.
Consider the yaw angle kinematics given by (16), and define
We = ¥ — y,, Where

R w?
SR L 34
l//i’ (S) + 25;160” + CU2 Wr (S) ( )
Choose the Lyapunov candidate L3 = (1 /2)%2- It follows
that:
. ) co A
Ly = —r—
3= Ve (CqurC@ wr)
_ T A cp .
= Ve (09q+ o Vgt cea‘”)

where 7o £ 1 —d,; ~ay denotes the virtual control; command
filtered error a,, = ay, a,; command filtered virtual control

is designed by

2
A Wy,
=—_ " . 35
OC(//(S) s2+2§na)n+a)%aw(s) ( )
Design the virtual control
—s¢ co x
=g o (kw Ve — W,) (36)

where ky, > 0 is the control parameter. Then

c
cl
Step 4 (Control Torque). Define agr = [&;,aW]T, OR =

Ly = _kyﬂ//e2+ _¢1//e (re—i—&,/,),

[ak, 6,17, and Ggr = [ak,@,]". Define w, = [&],r.]T =
® — ap. Select the Lyapunov candidate Ly = L + L3 +

1/20! Jo,. 1t follows that:
Li=Ly+Li+olJo. =L+ ol (~S@)Jo+ 0 — JGR).
Design the control torque

0 = S(@)Jw+ Jag — kowe — Gy e (37)

where k, > 0 is the control parameter, and

G, = R = e |,
4 |:()1><2 % Ve Ve

The derivative of Lyapunov candidate can be calculated by

: = 12
Ly = —collell® = kg | Rae|” = ky w2 — ko lleoe |1
C, T T == - ~
+ SmmeTGac +yeTGyaR. (38)

D. Calculating the Actual Controls

In the previous sections, control thrust 7;, and torque Q are
solved by (29) and (37). Actual controls 8,,, ;, as, and by can
be calculated from thrust and torque through following steps.

0, can be obtained from (29)

T 3 Smilcm 4tem
tem=———-—5—, On== —_— 39
M psmAnQ2ZR2T T T2 [V 2 an 9)
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and Q,, is determined by

Sm

) 3 2 p3
Gem = g + 1.13t5, 7, Om = qcmpsmAQOR;n‘

Then, 7 = [T}, as, bs]T

7= 05'(Q - 0p).
In (40), invertibility of Q4 can be proved by

det(Qa) = 1,02 + (hmly — helw)hm T2
+Tmhm (tht + Ma (lt - ht))

can be obtained from (17)

(40)

where T, > 0, hy, > Iy, and I; > h;, according to physical
structures of typical helicopters.
In addition, the collective pitch of the tail rotor is yielded by

T; 3 ! 4t
o= ———sy G=3 |\ @)
psi A R; 2 2 ar

E. Brief Summary of Control Algorithm

The path-following control algorithm designed in this brief
can be summarized in the following steps.

1) Path-following errors are defined by (18) and (23).

2) Virtual control for stabilizing path-following errors are
calculated by (27).

3) Main rotor thrust is obtained by (29), and reference
signal for attitude is calculated by (30). Command
filtered reference signal for attitude is calculated by (26).
Virtual control for attitude is calculated by (32).

4) Reference yaw angle is given by (33); its command
filtered signal is calculated by (34). Virtual control for
yaw is designed by (36).

5) Control torque is designed by (37), where command
filtered signal is given by (31) and (35).

6) Actual controls are obtained through (39)—(41).

FE. Analysis on Closed-Loop System

In Section III-A, forces and torques are simplified such that
the helicopter model appears cascaded. Small neglected terms
(or small parasitic terms [14]) of forces and torques can be
denoted by Ay and A g, which are often discarded [17], [20],
or regarded as bounded disturbances [18], [19], because of
physical restrictions of typical helicopters.

Assumption 2: Small parasitic terms satisfy [|Af| < Ar
and [|[Ag|l < AQ, where Ap and AQ are small positive
numbers.

Proposition 1: Consider the model-scaled helicopter
described by (1)-(4), with forces and torques given by
(5) and (6). Suppose Assumption 1 and 2 are satisfied.
Path-following errors are defined by (18) and (22). If the
controller is designed according to algorithm presented in
Section III-E, then: 1) path-following errors are locally
ultimately bounded with tunable ultimate bounds and 2) the
actual speed | V| & v,.

Proof: Please see Appendix. [ ]

Remark 8: 1t seems that Assumption 2 is strong, because
small parasitic terms Ay and Ay are related to system states,
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y (m)
X (m)

Fig. 2. 3-D illustration of path-following: the reference path is given by
intersecting xZ+ yz +z2-25=0and x+ y+ 2z = 0. Actual position of the
helicopter is shown by the black solid curve.
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> 5[ ‘ ‘ ‘ ‘ i
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—~ 57 ‘ ‘ ‘ ‘ 1
B 0[\/\/\
N -5 ‘ ‘ ‘ ‘ |
0 10 20 30 40 50
time (s)

Fig. 3. Actual position of the controlled helicopter.

and boundedness of them requires predefined boundedness
of system states. This issue would be addressed in future
research. Practically, Ar and A are usually extremely small
according to physical restrictions of typical helicopters, such as
mechanical restrictions of flapping angles and stiffness of rotor
blades. Moreover, selecting appropriate control parameters
would reduce the bounds of Ag and Agp.

IV. SIMULATION AND DISCUSSION

A simulation example is given to illustrate the path-
following controller. The reference path is a circular curve

fl(xra)’r,Zr)zx,?‘i‘y,?-i-Z%—zs

(42)
f2(xra Vs Zr) =Xp + Yr + 25

which is the intersection of a plane and a ball. The reference
speed is given by v, = 1.5 (m/s). The complete model
introduced in Section II-B is employed as the controlled plant.
Values of aerodynamic parameters are cited from [21].

Applying the control algorithm stated in Section III-E, we
can calculate that

i 2u? + 20% 4 2w?
T = 0
—2y. . u(2x—y—2)+vQRy—z—x)+w(2z—x—y)
— ' x/(y—z)2+(z—x)2+(x_y)z
i 2x 2y 2Z
200 —2) 2@—x) 2@&x-—Y)

Initial position P(0) = [—7, —3, 0]7 (m) and initial yaw angle
w(0) = 1(rad). The control algorithm is summarized in
Section III-E, and the values of control parameters are listed
in Table I. The simulation results are shown in Figs. 2—4.
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40 - - - -
~ 20 \%A
w 0 L il
-20 ; i i i
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-10 ; i i i
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time (s)
20 T T : -
wm or
-20 ]
-40 . i i i
0 10 20 30 40 50
time (s)

Fig. 4. Ultimately bounded path-following errors.

TABLE 1
CONTROL PARAMETERS

kit=kn=15kio=kn=ks1 =1, kg =4,
ky =0.5, kp = 16, £, =0.707, , =16

G 1
-’ 2r ~
0 -
0 10 20 30 40 50
time (s)
3 T T T T
@
E? [\_/W\/W\
=1 ]
0 i i i i
0 10 20 30 40 50
time (s)

Fig. 5. Top: spatial distance from the helicopter to the reference path. Bottom:
actual speed of the helicopter, approximately 1.5 (m/s).
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Fig. 6. Attitude of the fuselage during path-following: roll and pitch are
fairly small, showing that the helicopter flies securely.

As shown in Figs. 2 and 3, the closed-loop system is capable
to follow the reference path with bounded errors. No singu-
larities occur during simulation. Fig. 4 shows that the path-
following errors are bounded, as expected by Proposition 1.
Ultimate bounds of the errors are fairly small, showing that
side effects resulted from the small parasitic terms A g and Ao
are negligible. Define the spatial distance from the controlled
vehicle to the reference path by dy = min [P — Pr|l|p,c,.
The spatial distance is shown in Fig. 5, which shows an intu-
itive explanation for physical meanings of the path-following.
Also shown in Fig. 5, actual speed approaches the value of
1.5 (m/s). Roll and pitch angles are maintained in acceptable
ranges, as shown in Fig. 6. Jumps from = to —z in Fig. 6
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show that the measurement range of yaw is (—z, 7], and
actual values of yaw are added by +2kx until they enter the
range. The simulation results demonstrate that the proposed
path-following controller is capable to complete the predefined
path-following task.

It should be noted that theoretical results in this brief
are local, and only singularities resulted from S1 and S2
are avoided. We acknowledge that, if the initial position
is located excessively far from the reference path, the
closed-loop system would confront singularities resulted from
lof1/0P x 0f2/0P|l = 0.

V. CONCLUSION

In this brief, a novel 3-D path-following controller is
proposed for a 6-DOF model-scaled helicopter. The reference
path to be followed is described by implicit expressions. Main
theoretical results include the strategy of singularity avoidance
and the application of command filtered backstepping. Both
theoretical proof and simulation example demonstrate that,
with the proposed controller, the path-following errors of the
closed-loop system are locally ultimately bounded, while local
singularities are avoided.

Some future works of this research include: 1) extending
the proposed path-following controller to global cases by
researching into geometric properties of reference paths and
2) relaxing Assumption 2 by considering detailed effects of
parasitic terms.

APPENDIX A

PROOF FOR BOUNDEDNESS OF PATH-FOLLOWING ERRORS

Consider the small neglected terms A g and A . The closed-
loop system is now given by

(1, B2, 1T = —Kee + - [(Rae + )T, 017 + Ap @43)

CooTm

Rse = —krR3e + Ride + Réig — GTz (44
m
. ch co .
[//e — —ky,(;/e—i—@re—{—@aw (45)
Jow, = —kowe — Gy 7. + Ag. (46)

It follows from the theory of command filtered backstep-
ping [12] that, corresponding with (43)—(46), a compensating
system can be constructed

[gsl D 5825 éﬁ]T

K+ 0| (G4 &) ,OT @7

- — A~ A= C Tm — =

Er = —kgr + Rag + RE, — 2" GTE, (48)
. - co . co

5'// = _k'//é'// + @a'// + @ér (49)

where

& 2 [G1L &1L G, Gl e R

& = [e& + b, c&op + béin, ds)”
& 28,817 eR?, & eR?

& =10,0", & =o.

Initial values of & and & are all zeros.
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Lemma 1: There always exists w, for command filters (26),
(31), and (35), such that states of (47)-(49) are ultimately
bounded with tunable ultimate bounds.

Proof: For command filters, given &, > 0, T > 0, g, > 0,
og >0, and g, > 0, there always exists @, (T, o;, og, oy) >0,
such that, when ¢t > T

=~ m —
las (D < ﬁ% Mo,
lar @Il < IR [lor
a1 < <

o < —Oy.

14 C¢ v

Select Lyapunov candidate Ls = ¢,/ ZSST Ué+1/ 2§,€§R +
1/2&,. 1t follows that: aglI&s1* < Le < bellés|®, where
az £ min(c./2|U|,1/2), bs: & max(c./2||U|, 1/2), and

T
&= [IEN 16 1] . When > T

Le <—c &N —krIERI> —ky IEy 12 + ET 00 + ERoR + &Yayy
(ce—0:) &1 — (kR —0R) IER I — (ky —0y) 1€y 117
—0:11E N2 —ORIERIIF =0y I1EY 1> +E 0, + ERor + &0y

<= (Ce—0) 1E: N — (kr—0R) IER 11— (ky —0y) 11 112
o}  oh 0,
t30. T a0s T 20,

<—cell& N2+ dg

<_
<_

where ¢ £ min (¢, — 0,, kg — Or, ky — 0y,), dz = 62/40, +
o2 /40r + 05/4@, 0 <6, < cey, 0 < Or < kg, and
0<0y <ky.

The Lyapunov candidate and its derivative show that the
states of (47)—-(49) are ultimately bounded

1 bed:\ —3&a-1) | bed,
||55||</— (Lg(T)—-C—j)e A e

as azeeg

(50)

Ultimate bounds can be tuned by c¢, which is calculated from

control parameters. |
Define compensated tracking errors
A = A p z
Ve =& —C, VR=R3e— (R
A A
Vy = We =&y, Vo =0 —Cp

where &, = [5(5 , &7, It follows that:

e e T, _
(o1, Vo2, Ve3]” = —Kpvs + ;W[vz,mT +Ap (51)
. ~ T, -
Sp = —krig 4+ Rvy — 22 GT5,  (52)
m
. C
Vy = —kyvy + g\)r (53)
o = —koVo — Gyvy + Ag (54)

where ¥, £ @, — &, and v, £ [05,v,17.
Lemma 2: States of (51)—(54) are ultimately bounded with
tunable ultimate bounds.
Proof: Select the Lyapunov candidate

1 1, 1
)T g + 5k + =02 + v Tv,.

Lv=7vs 2 v e

(55)
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It follows that: a, ||vs]|> < L b,,||va|| where
a, 2 min ( Z)Uy, < —||J|| (56)
Y 2 2’2
b, £ o L Ly (57)
=max | — =, =
Y 2 )
vs 2 [Ivell, oy |, |va|I] (58)

Derivative of Lyapunov candidate can be calculated by

Ly = —cellvell® — krlTRI? = Ky vy 2 = kollve I
+3l AF+vEAg
< —(ce = OV l? = Ky vy 12 = (ke — O VeI

—0: Vel = Oulvol® + Arlvell + Agllvell
< —(ce = O)ell* = ky vy 17 = (ko — 00) Ve |I*
LA A
46, 49a,
< —ovllvsll® +dy (59)
where k, = min (kg,ky ), co £ min (c; —0;, ky, ko —0u),

dy £ A% /40, + A2Q/4<9w, 0<6, <ce, and 0 < 0, < ke
Equations (55) and (59) show that vs is ultimately bounded

1 b,d o b,d
() e
a, cy a,cy

Ultimate bounds can be tuned by c,,, which is calculated from
control parameters. ]

Define 6 £ [lle|l, | R3ell, llwell, ||a)€||]T. It is obvious that
10l < II&51 + lvsll. Results of Lemmas 1 and 2 imply that &
is ultimately bounded with tunable ultimate bounds; therefore,
the path-following errors are ultimately bounded.

The stability result of the closed-loop system is local,
since the strategy of singularity avoidance is effective locally.
If initial position is located excessively far from the reference
path, the controlled helicopter would encounter singularities.

Remark 9: It seems from (50) and (60) that ultimate bounds
can be tuned arbitrarily small by setting large enough control
parameters; however, excessively large control parameters
would result in aggressive velocity or attitude, destroying
Assumptions 1 and 2.

sl < (60)

APPENDIX B
PROOF FOR PERFORMANCE OF ACTUAL SPEED

It is proved in Appendix A that, after some setting time, &3
is ultimately bounded within small ultimate bounds, showing

(2o 2)y w22
oP oP opP 6P

Errors €1, €1, €2, and &, are stabilized within small neigh-
borhoods of zero. It follows from (19) that (3f1/0P)V ~ 0
and (0f2/0P)V =~ 0, suggesting that V is approximately per-
pendicular with both (8f1/8P)” and (6f>/0P)", thus parallel
with (8f1/0P x of»/0P)T. Therefore, with its positiveness

shown by (61)
of2 )

(2
oP

v > 0. (61)

VIl

H ofi af2 ©2)
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Considering (61), (62), and Remark 1, we conclude that

IV

~ v, which fulfills the requirement on velocity.
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