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Abstract Graphene sheets are extremely flexible, and thus9

small forces, such as van der Waals interaction, can induce10

significant out-of-plane deformation, such as folding. Folded11

graphene sheets show racket shaped edges, which can signif-12

icantly affect the electrical properties of graphene. In this13

letter, we present combined theoretical and computational14

studies to reveal the folding behavior of multi-layer graphene15

sheets. A nonlinear theoretical model is established to de-16

termine the critical length of multilayer graphene sheets for17

metastable and stable folding, and to accurately predict the18

shapes of folded edges. These results all show good agree-19

ment with those obtained by molecular dynamics simula-20

tions.21

Keywords Graphene· Folding · Stability · Theoretical22

model· Molecular dynamics simulation23

1 Introduction24

Graphene sheets show exceptional electronic and mechani-25

cal properties [1–7], and thus have many potential applica-26

tions, such as nano-transistors, transparent electrodes, nano-27

electromechanical systems (NEMS), gas separation, desali-28
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nation, nanocomposites and protection coatings [8–13]. Ow-46

ing to their extreme flexibility, graphene sheets are suscep-47

tible to out-of-plane deformation. Recent studies show that48

suspended graphene sheets can fold and form folded edges49

due to van der Waals (vdW) interaction [14–16]. Similar50

folding and collapse behavior have also been observed in51

carbon nanotubes [17–20]. The folded edges of graphene52

sheets show racket shapes with structures similar to carbon53

nanotube walls, which can have strong influence on the elec-54

tronic and magnetic properties of graphene [21–24]. There-55

fore, accurately predicting the critical length of graphene56

folding and the shapes of folded edges can be important for57

the application of graphene in nanoscale devices and sys-58

tems.59

A recent study by Cranford et al. [15] established a60

small deformation mechanics model to reveal the critical61

folding length of multi-layer graphene sheets. However, pre-62

dicted shapes of the folded graphene edges was not given,63

partly because small deformation models cannot accurately64

predict the shapes of folded graphene edges. Meng et al. [16]65

developed a finite deformation theoretical model to study66

the folding of single-layer graphene, which can accurately67

predict not only the critical length of single-layer graphene68

folding but also the shape of the folded edge. However, the69

folding mechanics of multi-layer graphene sheets was not70

studied, and therefore it is not clear how the inter-layer inter-71

action and the number of layers will affect the folding me-72

chanics of graphene sheets.73

In this work, we present combined theoretical analysis74

and molecular dynamics (MD) simulations to study the fold-75

ing mechanics of multilayer graphene sheets. A theoretical76

model based on the finite deformation beam theory is devel-77

oped, which can accurately predict the dependence of critical78

folding length on number of graphene layers. The shapes of79

folded edges of multi-layer graphene sheets are also given in80

analytical form. We have also conducted MD simulations to81

study the folding of multi-layer graphene sheets induced by82

vdW interactions. The results show good agreement with the83

theoretical model.84
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2 Theoretical model85

The schematic diagram of a folded double-layer graphene86

sheet is shown in Fig. 1a. The folded double-layer graphene87

consists of a curved region of length 2L and a flat region88

of length L0. The total length of the folded double-layer89

graphene isLtot = 2(L + L0). The equilibrium interlayer dis-90

tance between any two closest graphene layers isd. The con-91

figuration of the folded graphene sheet results from the com-92

petition between adhesion energyUadhesionin the flat region93

and bending energyUbending in the curved region. If the flat94

graphene (as shown in Fig. 1b) is considered as the ground95

state, the energy of the folded graphene sheet (as shown in96

Fig. 1c) isUtot = Ubending+ Uadhesion. The adhesion energy97

Uadhesion= −γL0 with γ denoting the binding energy per unit98

area of graphene, andUbendingis to be determined later. If the99

graphene is too short, the total energyUtot > 0, the resistance100

from the curved region can overcome the adhesion from the101

flat region, and therefore the folded graphene is unstable and102

can unfold. If the graphene is long enough, the total energy103

Utot > 0, the adhesion energy over the flat region exceeds the104

resistance from the curved region, and therefore the folded105

graphene is energetically preferred and stable. Obviously,106

there exists a critical lengthLcritical
tot , which separates the sta-107

ble and the unstable folded configurations of graphene.108

For a multi-layer graphene sheet, each layer of the109

graphene can be modeled as a beam with a bending stiff-110

nessEI. Owing to symmetry, only the top half of the folded111

graphene will be analyzed. The interlayer distance is as-112

sumed to keep constantd, and the sliding between layers113

is free. The analytical model to be presented is based on the114

middle plane of the multilayer graphene sheet. This middle115

plane is a real graphene layer for a graphene sheet with odd116

number of layers, and is an imaginary plane for a graphene117

sheet with even number of layers (dash lines in Fig. 1a). The118

free-body diagram of a folded graphene is schematically il-119

lustrated in Fig. 2a. The normal force, shear force and bend-120

121

Fig. 1 aSchematic illustration of a folded double-layer graphene. The lengths of the flat and the curved regions areL0 andL, respectively.122

The curved region is divided into three sections by four points,A, B, C, andD. The flatb and the foldedc states of a double-layer graphene123

obtained from MD simulations124

125

Fig. 2 Schematic illustration of the free-body diagram of a folded multi-layer graphene;b The comparison of profiles of a folded double-126

layer graphene given by the theoretical model and MD simulation127
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ing moment on the middle layer are denoted asN, V, andM,128

respectively. For then-th inner layer, these internal forces129

are denoted asNn,i , Vn,i , andMn,i . For then-th outer layer,130

these internal forces are denoted asNn,o, Vn,o, andMn,o. The131

total number of layers of the graphene sheet isJ = 2 j (for132

even number of layers) orJ = 2 j +1 (for odd number of lay-133

ers). The distance between each layer (either inner or outer)134

and the middle plane istn = (n− 0.5) × d (for even number135

of layers) orn× d (for odd number of layers).136

For the curved region, the curvature of the middle plane137

is κ = 1/ρ = dθ/dS, whereθ is the rotation angle andS is138

the arc length measured from pointA, as shown in Fig. 1a.139

The curvatures for an inner and outer layer areκn,i andκn,o,140

respectively. Four points,A, B, C, andD, divide the top half141

curved region into three sections, withA and D being the142

left most and right most points in the curved region of the143

graphene (with curvatureκ0 and rotation angleθ = 0 at A,144

and curvature−κ1 and rotation angleθ = −π/rd2 atD), C145

being the top most point of the curved region (with curvature146

−κ0 and rotation angleθ = 0), andB being a point betweenA147

andC, with curvature of 0 [16]. We first analyze a graphene148

sheet with odd number of layers, and then the results can149

be easily extended to a graphene sheet with even number of150

layers by taking the bending stiffness of the middle plane to151

be zero. Assuming that the total thickness of the multilayer152

graphene sheett = J × d is much smaller than the radius of153

curvature of the curved region, since the interlayer distance154

is assumed to be constant, the curvatures for an inner layer155

and an outer layer can be obtained to the first-order approxi-156

mation as157

κn,i =
dθ

dSn,i
= κ(1+ tnκ), n = 1,2, · · · , j, (1)

158

κn,o =
dθ

dSn,o
= κ(1− tnκ), n = 1,2, · · · , j. (2)

159

The bending moments of the middle, inner and outer160

layers are161

M = EIκ, (3)162

Mn,i = EIκ(1+ tnκ), (4)163

Mn,o = EIκ(1− tnκ). (5)164

With the help of Eqs. (1) and (2), the bending moment165

equilibrium equations for the middle, inner, and outer layers166

are obtained as167

dM
dS
= −V, (6)168

dMn,i

dSn,i
= (1+ tnκ)

dMn,i

dS
= −Vn,i , (7)

169

dMn,o

dSn,o
= (1− tnκ)

dMn,o

dS
= −Vn,o. (8)

170

Summing up Eqs. (6)–(8) over all graphene layers171

yields an equilibrium equation for the multi-layer graphene172

as173

d
[
M +

j∑
n=1

(Mn,i + Mn,o)
]

dS
+

j∑
n=1

tnκ
d

dS
(Mn,i − Mn,o)

174

= −V −
j∑

n=1

(Vn,i + Vn,o). (9)
175

Since the graphene sheet thickness is much smaller than176

the radius of curvature,tnκ < 1, insering Eqs. (4) and (5) into177

Eq. (9) shows that the second term on the left-hand side of178

Eq. (9) is much smaller (to the order of (tnκ)2) than the first179

term, and therefore can be neglected. Then the bending mo-180

ment equilibrium equation (9) changes to181

dMt

dS
= −Vt, (10)182

whereMt = M +
j∑

n=1

(Mn,i + Mn,o) = (2 j + 1)EIκ andVt =
183

V +
j∑

n=1

(Vn,i + Vn,o) are the total bending moment and total
184

shear force, respectively. Please note that Eq. (10) also holds185

for a graphene sheet with even number of layers, therefore186

we have generallyMt = JEIκ.187

The tangent direction force equilibrium equations of the188

middle plane, then-th inner layer and outer layer are given189

as190

dN
dS
− V

dθ
dS
= 0, (11)191

dNn,i

dSn,i
− Vn,i

dθ
dSn,i

= 0, (12)
192

dNn,o

dSn,o
− Vn,o

dθ
dSn,o

= 0. (13)
193

Multiplying both sides of Eq. (12) by dSn,i/dS gives194

dNn,i

dS
− Vn,i

dθ
dS
= 0. (14)195

Similarly, multiplying both sides of Eq. (13) by196

dSn,o/dS gives197

dNn,o

dS
− Vn,o

dθ
dS
= 0. (15)198

Summing up Eqs. (11), (14) and (15) for all layers gives199

dNt

dS
− Vt

dθ
dS
= 0, (16)200

whereNt = N +
j∑

n=1

(Nn,i + Nn,o) is the total normal force for
201

the whole graphene sheet.202

The radial direction equilibrium equation for the whole203

graphene sheet can also be obtained by summing up the204

equations on individual layers and is given as205

dVt

dS
+ Nt

dθ
dS
= 0. (17)206
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Equations (10), (16) and (17) consist of the equilib-207

rium equations for multilayer graphene sheet folding, which208

are identical to those for single-layer graphene sheet fold-209

ing, except that the bending stiffness EI of single-layer210

graphene is replaced by the bending stiffness ofJEI of multi-211

layer graphene [16]. Therefore, the results for single-layer212

graphene folding from our previous study generally holds213

for multi-layer graphenes.214

The deformed geometry of the graphene sheet can be215

completely described by two quantities,κ0 andκ1, with the216

Cartesian coordinates of any point in the curved region of the217

middle plane expressed as [16]218

x =



∫ θ
0

cosθ√
κ20 − (κ21 − κ

2
0) sinθ

dθ, in AB,

∫ sin−1 κ20
κ21−κ

2
0

0

cosθ√
κ20 − (κ21 − κ

2
0) sinθ

dθ +
∫ sin−1 κ20

κ21−κ
2
0

θ

cosθ√
κ20 − (κ21 − κ

2
0) sinθ

dθ, in BC,

2
∫ sin−1 κ20

κ21−κ
2
0

0

cosθ√
κ20 − (κ21 − κ

2
0) sinθ

dθ −
∫ θ

0

cosθ√
κ20 − (κ21 − κ

2
0) sinθ

dθ, in CD,

y =



Jd
2
+

∫ θ
0

sinθ√
κ20 − (κ21 − κ

2
0) sinθ

dθ, in AB,

Jd
2
+

∫ sin−1 κ20
κ21−κ

2
0

0

sinθ√
κ20 − (κ21 − κ

2
0) sinθ

dθ +
∫ sin−1 κ20

κ21−κ
2
0

θ

sinθ√
κ20 − (κ21 − κ

2
0) sinθ

dθ, in BC,

Jd
2
+ 2
∫ sin−1 κ20

κ21−κ
2
0

0

sinθ√
κ20 − (κ21 − κ

2
0) sinθ

dθ −
∫ θ

0

sinθ√
κ20 − (κ21 − κ

2
0) sinθ

dθ, in CD,

(18)

219

whereθ = − sin−1 κ
2 − κ20

κ21 − κ
2
0

. The governing equations for de-
220

terminingκ0 andκ1 are [16]221

L =
∫ π

2

0

1√
κ20 + sinθ(κ21 − κ

2
0)

dθ
222

+2
∫ sin−1 κ20

κ21−κ
2
0

0

1√
κ20 − sinθ(κ21 − κ

2
0)

dθ, (19)
223

t
2
= −2

∫ sin−1 κ20
κ21−κ

2
0

0

sinθ√
κ20 − (κ21 − κ

2
0) cosθ

dθ
224

+

∫ π

2

0

sinθ√
κ20 + (κ21 − κ

2
0) cosθ

dθ, (20)
225

which can be solved numerically.226

The bending energy in the curved regionUbendingis ob-227

tained to its first order approximation as228

Ubending= 2JEI
∫ sin−1 κ20

κ21−κ
2
0

0

√
κ20 − (κ21 − κ

2
0) sinθdθ

229

+JEI
∫ π

2

0

√
κ20 + (κ21 − κ

2
0) sinθdθ. (21)

230

The total energy of the folded graphene sheet is given231

as232

Utot = Ubending−
γ

2
(Ltot − 2L), (22)233

which is a function of the curved region lengthL only. Mini-234

mization of Eq. (22) gives solution to the folding of multi-235

layer graphene sheet, which can be solved by numerical236

methods.237

3 Molecular dynamics simulation238

Molecular dynamics (MD) simulations have been performed239

to study the folding of multi-layer graphene sheets, and to240

verify the theoretical model. Large-scale molecular simula-241

tion package LAMMPS [25] was used to conduct the sim-242

ulations, and visualization program VMD [26] was used to243

analyze the results. The adaptive intermolecular reactive em-244

pirical bond order (AIREBO) potential [27] was adopted to245

model the C—C atomic interactions, with the short-range246

C—C bonding characterized by the reactive empirical bond247

order (REBO) term [28] and the long-range van der Waals248

interaction characterized by Lennard–Jones (LJ) term. The249

parameters for LJ interaction were set to beε = 2.4 meV,250

σ = 0.34 nm [16, 20] and the cut-off distance=1.05 nm.251

In the MD simulations, a rectangular double-layer252

graphene sheet of length of 20 nm and width of 5 nm, as253
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shown in Fig. 1b, was firstly adopted to study the fold-254

ing of double-layer graphene. To make the left end of255

folded graphene aligned, the top layer graphene was cut256

to be shorter than the bottom layer by around 0.6 nm. To257

avoid thermal oscillation, a constant temperature of 0 K258

was adopted during the simulations. To create folded259

graphene sheets, the two ends of the flat graphene shown in260

Fig. 1b were brought together by external loads, and then the261

graphene was fully relaxed after the external loads were re-262

moved. A folded double-layer graphene is shown in Fig. 1c.263

The folded graphene clearly shows a racket shape. To find264

the critical length of stable folding, different lengths were265

used in MD simulations. For the folding of other multi-layer266

graphene sheets, similar protocols were used to create the267

folding and to relax the system.268

4 Results and discussion269

In the analytical model, the bending stiffness of each270

graphene layer and interlayer spacing areEI = 1.4 eV271

and d = 0.34 nm, respectively, and the adhesion energy272

per unit area between two closest graphene layers isγ0 =273

1.45 eV/nm2 [29–33]. However, for multilayer graphene274

folding, the second closest graphene layer also contributes275

to the adhesion energy. Since the adhesion energy is re-276

lated to interlayer distance to the order of−4 [34], the ad-277

hesion energy for multilayer graphene folding is obtained as278

γ = (9/8)γ0 = 1.63 eV/nm2. The profiles of a folded double-279

layer grpahene obtained from the theoretical model and MD280

simulation are depicted in Fig. 2b, which show good agree-281

ment.282

The total energies of folded double-layer graphene283

sheets versus the half length of curved regionL are shown284

in Fig. 3a for different total graphene lengths. The dots mean285

that the curved region half lengthL reachesLtot/2. Figure286

3a shows that the curved region reaches optimal state when287

L = 4 nm, which is larger than 2.5 nm, the value for the op-288

timal state of single-layer graphene folding. For graphene289

sheets longer than 8 nm, there exists a minimal energy point290

on the curve, which corresponds to the optimal folded state.291

When the graphene sheet is not long enough, this minimal292

energyUtot > 0, which means that the folded configura-293

tion is metastable and can unfold to flat configuration when294

the system is subject to perturbation. As the total length of295

the grapheneLtot increases, the total system energyUtot de-296

creases. When the length of the graphene sheet exceeds a297

critical valueLc
tot = 15.46 nm, the minimal energyUtot < 0,298

which means that the folded graphene is more stable than299

the flat configuration. The dependence of the critical fold-300

ing lengthLc
tot on the graphene layer number is also studied301

and shown in Fig. 3b. The critical folding length increases302

with the number of layers. This is because the bending stiff-303

ness and bending energy of the multi-layer graphene increase304

with increasing number of layers. To compensate for the in-305

creased bending energy of the curved region, longer flat re-306

gion is required to provide enough adhesion energy to resist307

the unfolding.308

MD simulations have also been conducted to study the309

stability of double-layer graphene folding. Double-layer310

graphene sheets with different lengths are folded and then311

fully relaxed. The energy differences between the folded312

and the flat configurations for each length are plotted ver-313

sus the length in Fig. 4a, which is named as a stability314

map for double-layer graphene folding. The stability map315

suggests two critical lengths which divide the double-layer316

graphene folding into three regimes: (1) ForLtot < 9 nm,317

only flat configuration is stable, the folded graphene un-318

folds autonomously after relaxation; (2) For 9 nm< Ltot <319

13 nm, the folded graphene is metastable, enough perturba-320

tion can unfold the folded graphene sheet; (3) ForLtot >321

13 nm, the folded configuration is more stable than the flat322

graphene, with enough perturbation, the flat graphene would323

fold by itself. Figure 4b shows configurations of double-324

layer graphene sheets for each of the three regimes, i.e., flat325

stable, folded metastable and folded stable.326

In addition to double-layer graphene, the folded con-327

figurations for other multi-layer graphene sheets are also ob-328

tained. Figure 5 shows the folded profiles for 3-, 4-, 6-, and329

8-layer graphene sheets. The solid lines are obtained by the-330

oretical model, and the dashed lines are from MD simula-331

tions. The profiles predicted by the theoretical model show332

excellent agreement with those from MD simulations for all333

graphene sheets.334

335

Fig. 3 a The total energies of folded double-layer graphene sheets versus the half length of curved regionL, for different total graphene336

lengths. The dots mean that the curved region half lengthL reachesLtot/2; b The critical folding length of multi-layer graphene sheet337

versus the number of graphene layers338
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339

Fig. 4 a Stability map for double-layer graphene folding, which suggests two critical lengths to divide the double-layer graphene folding340

into three regimes, i.e., unfold stable, folded metastable and folded stable;b Configurations of double-layer graphene sheets for each of the341

three regimes342

343

Fig. 5 aProfiles of folded multi-layer graphene sheets with 3, 4, 6, and 8 graphene layers. The solid lines are from theoretical model, and344

the dashed lines are from MD simulations;b Profile comparison between different number of layers345
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It should be pointed out that the bending rigidity is sup-346

posed to be linear and the interlayer frictional shear is ne-347

glected in this paper. However, previous studies showed348

that the bending rigidity of few-layer graphene can be af-349

fected by interlayer shear and its value is not necessarily lin-350

ear for thicker graphene samples [35–38]. The above sim-351

plified model would not be effective for thicker graphene352

samples. However, from the results, the supposition is valid353

when there are only a few layers. But with the increase of the354

number of layers, the difference between analytical method355

and the MD method is getting greater which can be seen from356

the comparative result of 8 layers.357

In our analytical model, the assumptiontnκ < 1 is used358

and a much smaller (tnκ)2 is neglected. Actually in some359

parts of curved region the assumption may not hold, but the360

final result is got from the minimization of the total energy.361

When the assumptiontnκ < 1 holds within a large part of362

the curved region, the energy difference caused by the small363

part where the assumption does not hold would be very small364

compared to the total energy, and then the error of the final365

result would be tiny. With the increase of the number of366

layers, the assumption would not hold in a large part of the367

curved region and then the model would be ineffective. It is368

the same for the supposition of the linear bending rigidity.369

To summarize, the analytical model is effective when there370

are a few layers of graphene, but invalid when there are many371

layers, and then a new theoretical model should be set up to372

analyze.373

5 Conclusions374

A finite deformation theoretical model is developed to study375

the folding of multi-layer graphene sheets. The critical376

length for stable folding and the folded profile can be accu-377

rately predicted, which show good agreement with MD sim-378

ulation results. The agreement also validates the assumption379

that the interlayer friction between graphene layers can be380

neglected for this kind of deformation. The results can find381

applications in the design and fabrication of grpahene-based382

nanoscale devices and systems.383
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graphene at the margins of continuum mechanics. Physical Re-477

view Letters106, 255503 (2011)478

33 Kudin, K.N., Scuseria, G.E., Yakobson, B.I.: C2F, BN, and C479

nanoshell elasticity from ab initio computations. Physical Re-480

view B 64, 235406 (2001)481

34 Sarabadani, J., Naji, A., Asgari, R., et al.: Many-body effects in482

the van der Waals–Casimir interaction between graphene lay-483

ers. Physical Review B84, 155407 (2011)484

35 Poot, M., van der Zant, H.S.J.: Nanomechanical properties of485

few-layer graphene membranes. Applied Physics Letters92,486

063111 (2008)487

36 Liu, Y., Xu, Z., Zheng, Q.: The interlayer shear effect on488

graphene multilayer resonators. Journal of the Mechanics and489

Physics of Solids59, 1613–1622 (2011)490

37 Zakharchenko, K.V., Los, J.H., Katsnelson, M.I., et al.: Atom-491

istic simulations of structural and thermodynamic properties of492

bilayer graphene. Physical Review B81, 235439 (2010)493

38 Kang, J.W, Lee, S.: Molecular dynamics study on the bend-494

ing rigidity of graphene nanoribbons. Computational Materials495

Science74, 107–113 (2013)496


