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Abstract—This paper studies how to control the output of
a class of nonlinear discrete-time systems, to completely track
any given bounded reference trajectories in finite time. For this
problem, we develop two kinds of constructive control methods
for the total output case and the partial output case, respec-
tively. For each case, the first kind of methods can design the
time instant after which the complete trajectory tracking is
accomplished, but cannot guarantee the monotonic decrease of
the norm of the tracking error before that time instant; the
other kind of methods not only can determine when the out-
put trajectory coincides with the reference trajectory, but also
can make the norm of the tracking error decrease monotoni-
cally before that time instant. For the partial output case, the
proposed control methods can guarantee that the rest part of
the system output is bounded for all the time. These control
methods are feasible no matter whether the dynamic models
of these systems are smooth or nonsmooth. Then, the simula-
tion and experiment results prove the feasibility of the proposed
methods.

Index Terms—Bounded reference trajectories, finite-time tra-
jectory tracking, nonlinear discrete-time systems, partial output
case, total output case.

I. INTRODUCTION

IN CONTROL theory and control engineering, trajectory
tracking is one of the most important subjects to be exten-

sively studied for linear and nonlinear systems, continuous-
time and discrete-time systems, deterministic and uncertain
systems, as well as delay and nondelay systems [1]–[5].
Trajectory tracking problems so far been investigated can
be divided into two categories: 1) the asymptotic trajectory
tracking problems [1], [6]–[9] and 2) the finite-time trajec-
tory tracking problems [3], [10], [11]. Generally speaking,
the asymptotic trajectory tracking is necessary to be stable in
the sense of Lyapunov [7]–[9]. This means that the norm of the
tracking error decreases monotonically as time increases, and
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the system state/output will converge to the reference trajec-
tory as the time tends to infinity. Besides, it is often assumed
that the system model is smooth [1], [12], [13], such as
the continuous partial derivatives. People usually prescribe an
accuracy (often referred to as the maximum tolerable tracking
error), and consider that the trajectory tracking is accomplished
when the accuracy requirement is satisfied.

The finite-time trajectory tracking, on the other hand, is
quite a different problem. It is concerned with how to design
a time instant when the trajectory tracking is accomplished,
and how to make the tracking error keep zero from then on.
In this sense, the finite-time trajectory tracking is superior to
the asymptotic trajectory tracking, since it has higher track-
ing precision and faster convergence rate, and can determine
the exact time instant when the trajectory tracking is accom-
plished. With the development of science and technology,
the requirements on system control accuracy are increasing.
Because of the resource limitation or the standard of work-
manship, etc., how to make the system state, especially the
system output completely track a given reference trajectory
in finite time, has become an important control problem. For
example, in the areas of shipbuilding and car manufacturing,
it has become very common that the industrial robot precisely
cuts materials along the preset edge or welds workpieces along
the preset welding seam [14], [15]. When launching aircraft,
the aircraft is supposed to enter the predesigned trajectory
in finite time, and subsequently, flies along this trajectory
precisely [16], [17]. In astronomical observation area, the atti-
tude precision and the flying angle along the predesigned
trajectory of spacecrafts (such as Hubble Space Telescope),
will directly affect the observation of the stars [18], [19].
Therefore, the study and investigation on finite-time trajectory
tracking have both theoretical significance and practical value.

Up to now, most of the existing works on finite-time tra-
jectory tracking focus on the control design problem, and
some typical control schemes have been developed. Methods
studied include the backstepping methods [4], [20], the
sliding mode methods [10], [21], and the neural network
methods [2], [10], [22]. Of course, the superiority of finite-
time trajectory tracking is based on more strict conditions.
Consequently, the above control methods have their limita-
tions: they can only deal with some particular systems which
have special structures or smooth dynamic characteristics,
but cannot control a general class of systems or nonsmooth
systems; they can drive the system state/output to track some
particular trajectories, but not to track arbitrary bounded tra-
jectories; they can accomplish the complete trajectory tracking
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in finite time, but cannot determine the exact time instant when
the state/output trajectory begins to coincide with the reference
trajectory; most of them are concerned with continuous-time
systems, which are not convenient for computer modeling. In
view of this situation, further researches need to be conducted,
and we have published an article on finite-time trajectory
tracking of a class of continuous-time systems [3].

In this paper, we will conduct research on the finite-time
output trajectory tracking control of a class of nonlinear
discrete-time systems, whose dynamic models can be either
smooth or nonsmooth. We will develop control methods in a
constructive way, for both the total output case and the partial
output case of these systems. Comparing with the previous
approaches, our control methods have some advantages: first,
they are not limited to particular systems, but can control a
general class of nonlinear discrete-time systems; second, they
do not require the special structure or the smooth dynamic
assumptions of the system model; third, they can be applied
to any bounded reference trajectories; and finally, they can
arbitrarily design the time instant after which the complete
trajectory tracking is accomplished, and some of them even
can make the tracking error decrease monotonically before
that time instant. These advantages are the main contribution
of this paper.

The remainder of this paper is organized as follows.
Section II studies how to control the total system output to
completely track the given bounded reference trajectory after
a predesigned time instant, and how to make the norm of the
tracking error decrease monotonically before that time instant.
Section III studies how to control a part of the system out-
put to completely track the given bounded reference trajectory
in finite time while keeping the other part bounded all the
time, and also studies how to make the norm of the track-
ing error decrease monotonically before the trajectory tracking
is accomplished. Section IV demonstrates the feasibility and
validity of the proposed control methods by simulation and
experiment. In particular, a voice coil motor (VCM) actuated
servo gantry system is employed as the experimental sub-
ject, where all the data are obtained from the real control
experiment. Finally, Section V draws the conclusions of this
paper.

II. FINITE-TIME TOTAL OUTPUT TRAJECTORY

TRACKING CONTROL

Consider the following nonlinear discrete-time system:

y(k + 1) = f (y(k)) + B(y(k))u(k) (1)

where u(k) ∈ R
m and y(k) ∈ R

n with m ≤ n, are the input
and the output, respectively; integer k ≥ 0 is the tracking
instant. Suppose that the mathematical expressions of f (y(k))
and B(y(k)) are both precisely known; nonlinear function
f : R

n → R
n is piecewise continuous in y(k), and f (0) = 0;

B : R
n → R

n×m is continuous in y(k).
In this section, for the case of m = n, we study how to

control the total output of system (1) to completely track any
given bounded trajectory in finite time. Define the set of the

reference trajectories

S1 �
{
g(k)|k ≥ 0, g(k) ∈ R

n, ‖g(k)‖ ≤ α < ∞}
(2)

g(t) is continuous in t ∈ R
+ and g(k) is the discrete value of

g(t) at t = kT , where T > 0 is the sampling period. In this
way, 0 < α < ∞ is the boundary of any g(k) ∈ S1. Moreover,
we suppose that each given g(k) is known for all k ≥ 0.

Assumption 1: For system (1), assume that ∀y(k) ∈ R
n,

Rank[B(y(k))] = n.
Assumption 1 is made to ensure that we can arbitrarily con-

trol the output y(k) of system (1). To facilitate discussion, we
suppose that ‖y(0)‖ ≤ α for any given y(0); otherwise, we
may first control the output to satisfy this initial condition,
and then discuss the trajectory tracking problem.

Theorem 1: Suppose that system (1) satisfies Assumption 1.
Then, for any given y(0) and g(k) ∈ S1, the output y(k) of
system (1) can completely track g(k) in finite time.

Proof: If y(0) = g(0), design the control input as

u(k) = B−1(y(k))
[
g(k + 1) − f (y(k))

]
(k ≥ 0). (3)

From (1) and (3), we can see that y(k) = g(k) (k ≥ 0). Thus,
the system output y(k) completely tracks g(k) instantaneously
by using control input (3).

If y(0) 
= g(0), predesign a time instant M ≥ 1 when the
complete trajectory tracking is accomplished. Then, we let

u(k) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

B−1(y(k))
[

k+1
M g(k + 1) − f (y(k))

]

(0 ≤ k ≤ M − 1)

B−1(y(k))
[
g(k + 1) − f (y(k))

]

(k ≥ M).

(4)

From (1) and (4), when k = M − 1, y(k + 1) = y(M) =
[(k + 1)/M)g(k + 1) = g(M); and when k ≥ M, y(k + 1) =
g(k + 1). Therefore, y(k) completely tracks g(k) from k = M
on by using control input (4).

In summary, the output y(k) of system (1) can completely
track g(k) ∈ S1 in finite time.

Note that (3) and (4) are ideal controllers under the assump-
tion that the nonlinear function f (y(k)) is precisely known.
The following control methods proposed in this paper are also
based on this assumption.

Although M can be arbitrarily predesigned, in practical
application, it is better to choose M according to the initial
tracking error. If ‖y(0) − g(0)‖ is large, we should choose a
large M, such that y(k) will not vary its value dramatically in
the initial tracking stage, which might cause problems; other-
wise, we may choose a small M. Besides, if y(0) 
= g(0),
control input (4) can determine when y(k) begins to coin-
cide with g(k) by choosing proper integer M, which thus is a
highlight of our control method.

From the above proof, we can see that when y(0) = g(0),
‖y(k)‖ = ‖g(k)‖ ≤ α for all k ≥ 0. When y(0) 
= g(0),
‖y(k)‖ ≤ (k/M)α for 1 ≤ k ≤ M, and ‖y(k)‖ ≤ α, for k ≥
M +1. Since we have supposed that ‖y(0)‖ ≤ α for any given
y(0), then ‖y(k)‖ ≤ α for all k ≥ 0.

In the above discussion, though not specifically mentioned,
the origin of system (1) is usually supposed to be asymptoti-
cally stable. Otherwise, according to Assumption 1, system (1)
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is stabilizable, we can stabilize it first and then study the track-
ing problem. Note that whether control inputs (3) and (4) are
bounded, is not discussed. But, the control input should always
be constrained in engineering applications. Suppose

sup
y(k)∈Rn

{∥∥∥B−1(y(k))
∥∥∥
}

= Mb < ∞. Then if y(0) = g(0)

from (2) and (3), the control input should satisfy

‖u(k)‖ ≤
∥∥∥B−1(y(k))

∥∥∥
[‖g(k + 1)‖ + ‖ f (y(k))‖]

≤ Mb
[
α + ‖ f (y(k))‖].

For system (1), when the origin is asymptotically stable, we
have ∀k ≥ 0, ‖ f (y(k))‖ < ‖y(k)‖. Thus

‖u(k)‖ < Mb
[
α + ‖y(k)‖] ≤ 2αMb < ∞

which indicates the boundary of control input (3) for finite-
time trajectory tracking. For the case of y(0) 
= g(0), we can
still get the same result, which is omitted here.

It is worth mentioning that the above control method cannot
guarantee the monotonic decrease of the tracking error for all
0 ≤ k ≤ (M − 1). As a consequence, this may cause troubles
in some particular situations. To overcome this problem, we
give an additional assumption below.

Assumption 2: For system (1), ∀y(k), ȳ(k) ∈ R
n, assume

that f (·) satisfies ‖ f (y(k))−f (ȳ(k))‖ ≤ Lf ‖y(k)− ȳ(k)‖, where
0 < Lf < 1 is a constant number.

Assumption 2 is made to ensure that ‖y(k)−g(k)‖ decreases
monotonically before y(k) begins to coincide with g(k). Before
continuing, we preset a constant number 0 < ε < ∞ that
can be designed to adjust the time instant when the complete
trajectory tracking is accomplished.

Theorem 2: Suppose that system (1) satisfies
Assumptions 1 and 2. Then, for any given y(0) and
g(k) ∈ S1, the output y(k) of system (1) can completely track
g(k) in finite time. In addition, for given constant number
ε > 0, when ‖y(0) − g(0)‖ > ε, there must exist a control
input which can make ‖y(k) − g(k)‖ decrease monotonically
before the complete trajectory tracking is accomplished.

Proof: For given constant number ε > 0 and the case of
‖y(0)−g(0)‖ ≤ ε, if Assumption 1 is satisfied, we can still use
control input (3), which easily leads to y(k) = g(k) (k ≥ 1).
In particular, when y(0) = g(0), the system output y(k)
completely tracks g(k) instantaneously.

When ‖y(0) − g(0)‖ > ε, let

η = logLf

ε

‖y(0) − g(0)‖ , Mη = [η] + 1 (5)

where [η] denotes the largest integer less than or equal to η.
Then, we design the control input as

u(k) =

⎧
⎪⎪⎨

⎪⎪⎩

B−1(y(k))
[
g(k + 1) − f (g(k))

]
(
0 ≤ k ≤ Mη − 1

)

B−1(y(k))
[
g(k + 1) − f (y(k))

]
(
k ≥ Mη

)
.

(6)

From (1) and (6), for 0 ≤ k ≤ (Mη − 1), the system output is

y(k + 1) = g(k + 1) + [
f (y(k)) − f (g(k))

]
.

By repeatedly using the inequality in Assumption 2, we have

‖y(k + 1) − g(k + 1)‖ ≤ Lf ‖y(k) − g(k)‖
...

≤ Lk+1
f ‖y(0) − g(0)‖. (7)

Since 0 < Lf < 1, ‖y(k + 1) − g(k + 1)‖ < ‖y(k) − g(k)‖.
Therefore, ‖y(k)−g(k)‖ decreases monotonically for each 0 ≤
k ≤ (Mη − 1). Then, it is reasonable to suppose that

∥∥y
(
Mη

) − g
(
Mη

)∥∥ ≤ L
Mη

f ‖y(0) − g(0)‖ ≤ ε.

Let Lη
f ‖y(0)−g(0)‖ = ε. Then, η = logLf

(ε/[(‖y(0)−g(0)‖)].
Let Mη = [η] + 1, and then we can get (5).

From (1) and (6), when k ≥ (Mη + 1), y(k) = g(k). But, it
is not certain whether y(Mη) = g(Mη). So, we can say with
certainty that y(k) completely tracks g(k) after k = Mη.

In summary, the output y(k) of system (1) can completely
track any given g(k) ∈ S1 in finite time.

It is the same as we discussed after the proof of Theorem 1,
that control input (6) should also be bounded for bounded ref-
erence trajectory. Owing to the limitation of space, we would
not go into details here.

The contribution of control method (6) is that it not only can
determine the time instant k = Mη after which y(k) completely
tracks g(k), but also can make ‖y(k) − g(k)‖ decrease mono-
tonically when 0 ≤ k ≤ (Mη −1). Here, the constant number ε

plays a role as the threshold in determining the control switch-
ing point. When ‖y(0) − g(0)‖ > ε, since 0 < Lf < 1, η > 0.
If we want y(k) to completely track g(k) in a shorter period
of time, we should choose a larger ε in advance; otherwise,
we should choose a smaller ε beforehand.

Remark 1: In practice, interference is often inevitable. If
system (1) is interfered as

y(k + 1) = f (y(k)) + B(y(k))u(k) + v(k) (k ≥ 0) (8)

and if the interference v(k) ∈ R
n can be precisely identified in

a limited period of time, it can be considered known. In this
circumstance, control input (3) is rewritten as

u(k) = B−1(y(k))
[
g(k + 1) − f (y(k)) − v(k)

]
. (9)

Control inputs (4) and (6) can be dealt with similarly, and
our control methods are still feasible for finite-time trajectory
tracking. Otherwise, if v(k) cannot be precisely identified or is
random, these methods cannot accomplish finite-time complete
trajectory tracking.

Moreover, from the proofs of Theorems 1 and 2, we can see
that system (1) is not required to be smooth, but obviously the
proposed control methods are still feasible when the system is
smooth. This obviously is another highlight of these methods.

III. FINITE-TIME PARTIAL OUTPUT TRAJECTORY

TRACKING CONTROL

In practice, the case of m < n is much more common than
the case of m = n. When m < n, if B(y(k)) ∈ R

n×m has
full column rank, then system (1) can be transformed into the
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following form through nonsingular transformation:
{

yI(k + 1) = fI(y(k))
yII(k + 1) = fII(y(k)) + G(y(k))u(k)

(k ≥ 0) (10)

where u(k) ∈ R
m and y(k) ∈ R

n are the input and the output
of system (10), respectively. In (10), we denote

yI(k) = [
y1(k), y2(k), . . . , yn−m(k)

]T

yII(k) = [
yn−m+1(k), yn−m+2(k), . . . , yn(k)

]T

y(k) = [
yT

I (k), yT
II(k)

]T

fI(y(k)) = [
f1(y(k)), . . . , fn−m(y(k))

]T

fII(y(k)) = [
fn−m+1(y(k)), . . . , fn(y(k))

]T (11)

where fI : R
n → R

n−m, fII : R
n → R

m with fI(0) = 0 and
fII(0) = 0; fi(y(k)) (1 ≤ i ≤ n) are all piecewise continuous
in y(k); G : R

n → R
m×m is continuous in y(k). Similar to

system (1), we suppose that the mathematical expressions of
fI(y(k)), fII(y(k)), and G(y(k)) are all precisely known.

In this section, we will study how to control the partial
output yII(k) to completely track any given bounded trajec-
tory in finite time, while keeping the other partial output yI(k)
bounded. Define the set of the reference trajectories

S2 �
{
h(k)|k ≥ 0, h(k) ∈ R

m, ‖h(k)‖ ≤ β < ∞}
. (12)

h(t) is continuous with respect to t ∈ R
+ and h(k) is the

discrete value of h(t) at t = kT . In this way, 0 < β < ∞
is the boundary of any h(k) ∈ S2. Moreover, we suppose that
each given h(k) ∈ S2 is known for all k ≥ 0.

Assumption 3: For system (10), assume that ∀y(k) ∈ R
n:

1) ‖ fI(y(k))‖ ≤ L1‖yI(k)‖ + L2‖yII(k)‖, where 0 < L1 < 1
and 0 ≤ L2 < ∞ are constant numbers;

2) Rank[G(y(k))] = m.
1) of Assumption 3 is made to ensure the boundedness of

yI(k) and 2) of Assumption 3 is made to ensure that yII(k) can
be arbitrarily controlled. To facilitate discussion, we suppose
that ‖yII(0)‖ ≤ β for any given yII(0); otherwise, we could
control yII(k) to satisfy this condition first.

Theorem 3: Suppose that system (10) satisfies
Assumption 3. Then, for any given yI(0), yII(0) and
h(k) ∈ S2, the partial output yII(k) of system (10) can
completely track h(k) in finite time. In the mean time, the
other partial output yI(k) is bounded for all k ≥ 0.

Proof: When yII(0) = h(0), design the control input as

u(k) = G−1(y(k))
[
h(k + 1) − fII(y(k))

]
(k ≥ 0). (13)

From (10) and (13), yII(k) = h(k) (k ≥ 1). In this way, yII(k)
completely tracks h(k) instantaneously.

When yII(0) 
= h(0), predesign a time instant M ≥ 1 when
yII(k) begins to coincide with h(k). Then, we design

u(k) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

G−1(y(k))
[

k+1
M h(k + 1) − fII(y(k))

]

(0 ≤ k ≤ M − 1)

G−1(y(k))
[
h(k + 1) − fII(y(k))

]

(k ≥ M).

(14)

From (10) and (14), when k = M − 1, yII(k + 1) = yII(M) =
h(M); and when k ≥ M, yII(k + 1) = h(k + 1). Then, yII(k)
completely tracks h(k) from k = M on.

In summary, the partial output yII(k) of system (10) can
completely track any given h(k) ∈ S2 in finite time.

Next, we prove the boundedness of yI(k). Here, we choose
the case of yII(0) 
= h(0) to demonstrate the proof. The proof
for the other case is similar, and thus is omitted here.

By repeatedly using the inequality in 1) of Assumption 3

‖yI(k + 1)‖ ≤ Lk+1
1 ‖yI(0)‖ + L2

k∑

j=0

Lk−j
1 ‖yII(j)‖. (15)

Since 0 < L1 < 1, ‖yII(0)‖ ≤ β and ‖h(k)‖ ≤ β for all k ≥ 0,
then for 0 ≤ k ≤ (M − 1), we shall have

‖yI(k + 1)‖

≤ Lk+1
1 ‖yI(0)‖ + L2Lk

1‖yII(0)‖ + L2

k∑

j=1

Lk−j
1 ‖yII(j)‖

< ‖yI(0)‖ + L2β + L2

M−1∑

j=1

j

M
‖h(j)‖

≤ ‖yI(0)‖ +
(

1 + M − 1

2

)
L2β < ∞.

From (15), for k ≥ M, the partial output yI(k) satisfies

‖yI(k + 1)‖

≤ Lk+1
1 ‖yI(0)‖ + βL2Lk

1 + βL2

M−1∑

j=1

LM−1−j
1

j

M

+ βL2

k∑

j=M

Lk−j
1

< ‖yI(0)‖ + βL2

∞∑

j=0

Lj
1

= ‖yI(0)‖ + 1

1 − L1
βL2 < ∞.

In summary, yI(k) is bounded for all k ≥ 0.
It is similar to what we discussed in Section II, that when

supy(k)∈Rn{‖G−1(y(k))‖} = Mg < ∞, the control inputs are
bounded for bounded reference trajectory.

Note that control input (14) cannot guarantee the monotonic
decrease of ‖yII(k) − h(k)‖ for all 0 ≤ k ≤ (M − 1), which is
not expected in some practical applications. To overcome this
problem, we give an additional assumption below.

Assumption 4: For system (10), assume that ∀y(k), ȳ(k) ∈
R

n, function fII : R
n → R

m satisfies

‖ fII(y(k)) − fII(ȳ(k))‖ ≤ LII‖yII(k) − ȳII(k)‖
where 0 < LII < 1 is a constant number, and ȳII(k) ∈ R

m is
in the same form of yII(k) in (11).

Assumption 4 is a lower requirement for the system dynam-
ics than Assumption 2, since it does not require yI(k) to
have the same behavior as yII(k) does in Assumption 2.
Assumption 4 is made to ensure that ‖yII(k) − h(k)‖ will
decrease monotonically before yII(k) completely tracks h(k).
As in Theorem 2, we preset a constant number 0 < δ < ∞
that can be designed to adjust the time instant after which the
two trajectories begin to coincide with each other.
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Theorem 4: Suppose that system (10) satisfies
Assumptions 3 and 4. Then, for any given yI(0), yII(0),
and h(k) ∈ S2, the partial output yII(k) can completely track
h(k) in finite time. In addition, for given constant number
δ > 0, when ‖yII(0) − h(0)‖ > δ, there must exist a control
input which can make ‖yII(k)− h(k)‖ decrease monotonically
before the trajectory tracking is accomplished. In the mean
time, the other partial output yI(k) is bounded for all k ≥ 0.

Proof: For given constant number δ > 0 and the case of
‖yII(0) − h(0)‖ ≤ δ, if 2) of Assumption 3 is satisfied, we
can still use control input (13), which leads to yII(k) = h(k)
(k ≥ 1). In particular, if yII(0) = h(0), the partial output yII(k)
can completely track h(k) instantaneously.

For the case of ‖yII(0) − h(0)‖ > δ, let

θ = logLII

δ

‖yII(0) − h(0)‖ , Mθ = [θ ] + 1

H(k) = [
0T , hT(k)

]T ∈ R
n (16)

where [θ ] denotes the largest integer less than or equal to θ .
Then, we design the control input as

u(k) =

⎧
⎪⎪⎨

⎪⎪⎩

G−1(y(k))
[
h(k + 1) − fII(H(k))

]

(0 ≤ k ≤ Mθ − 1)

G−1(y(k))
[
h(k + 1) − fII(y(k))

]

(k ≥ Mθ ).

(17)

From (10) and (17), when 0 ≤ k ≤ (Mθ − 1)

yII(k + 1) = h(k + 1) + [
fII(y(k)) − fII(H(k))

]
.

By repeatedly using the inequality in Assumption 4, we have

‖yII(k + 1) − h(k + 1)‖ ≤ LII‖yII(k) − h(k)‖
...

≤ Lk+1
II ‖yII(0) − h(0)‖. (18)

Since 0 < LII < 1, ‖yII(k + 1) − h(k + 1)‖ < ‖yII(k) − h(k)‖.
Consequently, ‖yII(k)−h(k)‖ decreases monotonically for each
0 ≤ k ≤ (Mθ − 1).

From the above discussion, it is reasonable to suppose that

‖yII(Mθ ) − h(Mθ )‖ ≤ LMθ

II ‖yII(0) − h(0)‖ ≤ δ.

Let Lθ
II‖yII(0) − h(0)‖ = δ. Then, θ =

logLII
[δ/(‖yII(0) − h(0)‖)]. Let Mθ = [θ ] + 1, and then

we get (16).
From (10) and (17), when k ≥ (Mθ + 1), yII(k) = h(k).

But, it is not certain whether yII(Mθ ) = h(Mθ ). Hence, we
can say with certainty that yII(k) completely tracks h(k) after
time instant k = Mθ .

In summary, yII(k) can completely track h(k) ∈ S2 in finite
time. The rest part is about the boundedness of yI(k), which
is similar to that part of the proof of Theorem 3, and thus is
omitted here.

The contribution of control method (17) is that it not only
can determine the time instant k = Mθ after which yII(k) com-
pletely tracks h(k), but also can make

∥∥yII(k)−h(k)
∥∥ decrease

monotonically for all 0 ≤ k ≤ (Mθ − 1). Here, the con-
stant number δ plays a role as the threshold in determining
the control switching point. When

∥∥yII(0) − h(0)
∥∥ > δ, since

0 < LII < 1, θ > 0. If we want yII(k) to completely track h(k)
faster, we should choose a larger δ in advance; otherwise, we
should choose a smaller δ beforehand.

Remark 2: Similar to what we discussed in Section II, if
system (10) is interfered as

{
yI(k + 1) = fI(y(k))
yII(k + 1) = fII(y(k)) + G(y(k))u(k) + w(k)

(19)

and if the interference w(k) ∈ R
m can be precisely identified

within limited time, the control methods proposed above are
still feasible for finite-time trajectory tracking. Take control
input (13) for example, it will be rewritten as

u(k) = G−1(y(k))
[
h(k + 1) − fII(y(k)) − w(k)

]
(20)

and control inputs (14) and (17) can be dealt with similarly.
Otherwise, if w(k) cannot be precisely identified or is random,
our control methods are no longer feasible.

In addition, no matter system (10) is smooth or nonsmooth,
the proposed control methods are applicable.

In practical engineering, there is a class of 2-D systems
which have the same structure of system (10). They represent
the dynamics of an object that moves along the preset track,
such as the linear motor systems [1], [23], etc. Their Euler
discretized models are in the following form:

{
y1(k + 1) = y1(k) + Ty2(k)
y2(k + 1) = f2(y(k)) + G(y(k))u(k)

(k ≥ 0) (21)

where u(k) ∈ R, y(k) = [y1(k), y2(k)]T ∈ R
2 (m = 1, n = 2)

are the input and output; f2 : R
2 → R is piecewise continuous

in y(k) and f2(0) = 0; G(y(k)) is continuous in y(k).
In system (21), y1(k) and y2(k) represent the position and

velocity of the moving object, respectively; and T > 0 is the
sampling period. We will study how to control y2(k) to make
y1(k) completely track a given bounded trajectory in finite
time. Define the set of reference trajectories

S3 � {q(k)|k ≥ 0, q(k) ∈ R, |q(k)| ≤ ζ < ∞}. (22)

|·| denotes the absolute value. q(t) is continuous with respect
to t ∈ R

+, and q(k) is the discrete value of q(t) at t = kT .
Then, 0 < ζ < ∞ is the boundary of any q(k) ∈ S3. We
suppose that each given q(k) ∈ S3 is known for all k ≥ 0.

Theorem 5: Suppose that in system (21), G(y(k)) 
= 0 for
all y(k) ∈ R

2. Then, for any given y1(0), y2(0), T > 0, and
q(k) ∈ S3, the partial output y1(k) of system (21) can com-
pletely track q(k) in finite time. In the mean time, the other
partial output y2(k) is bounded for all k ≥ 0.

Proof: Predesign a time instant M ≥ 3 from which on y1(k)
begins to completely track q(k), and let

γ = 2
[
q(M) − y1(0) − Ty2(0)

]

T2(M − 1)(M − 2)
. (23)

Then, we design the control input as

u(k) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

G−1(y(k))
[
γ kT − f2(y(k))

]

(0 ≤ k ≤ M − 1)

G−1(y(k))
[

q(k+2)−q(k+1)
T − f2(y(k))

]

(k ≥ M).

(24)
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From (21) and (24), for 0 ≤ k ≤ (M − 1), y2(k + 1) = γ kT .
From (21) and (23), we can obtain

y1(M) = y1(M − 1) + Ty2(M − 1)

= y1(0) + Ty2(0) + γ T2
M−2∑

j=0

j

= y1(0) + Ty2(0) + 1

2
γ T2(M − 1)(M − 2)

= q(M). (25)

Substitute (24) into (21), for k ≥ M, we shall have

y2(k + 1) = 1

T

[
q(k + 2) − q(k + 1)

]

y1(k + 1) = q(k + 1) + [
y1(k) − q(k)

]
. (26)

Observe (25) and (26), ∀k ≥ M, y1(k) = q(k). Then, y1(k)
can completely track any given q(k) ∈ S3 from k = M on.

On the other hand, we can see that

|y2(k)| ≤ max{|y2(0)|, |γ |T(M − 1)}, (0≤ k≤ M)

|y2(k)| ≤ 1

T

[|q(k + 1)| + |q(k)|] ≤ 2

T
ζ, (k ≥ M + 1).

In summary, y2(k) is bounded for all k ≥ 0.

IV. SIMULATION AND EXPERIMENT STUDY

In this section, we will demonstrate the research results of
this paper by simulation and experiment.

A. Simulation Example of Finite-Time Total Output
Trajectory Tracking Control

For the total output case, where m = n, we present the
following simulation example to illustrate Theorems 1 and 2.

Example 1: Consider a nonlinear discrete-time system in
the form of (1), where

f (y(k)) =
[ 1

3 y2(k)
1
3 sat(y1(k) + y2(k))

]

B(y(k)) =
[

2 + cos(y1(k)) 0
−1 3

]
. (27)

In this system, m = n = 2 and sat(·) represents the satura-
tion function. Both f (y(k)) and B(y(k)) are continuous with
respect to y(k) and f (0) = 0. In addition, ∀y(k) ∈ R

2,
Rank[B(y(k))] = 2. Thus, system (27) satisfies the description
of model (1) and Assumption 1.

Based on the fact that ∀a, b ∈ R, |sat(a)− sat(b)| ≤ |a−b|,
∀y, ȳ ∈ R

2, we shall have

‖ f (y) − f (ȳ)‖2

≤ 1

9

[
(y1 − ȳ1)

2 + 2(y1 − ȳ1)(y2 − ȳ2) + 2(y2 − ȳ2)
2
]
.

Then, ∀y, ȳ ∈ R
2, ‖ f (y) − f (ȳ)‖ ≤ 0.5393‖y − ȳ‖. In the

above, we used the property that yTPy ≤ λmax(P)yTy for all
y ∈ R

n, where λmax(P) is the maximum eigenvalue of matrix

P =
[

1 1
1 2

]
. In this case, Assumption 2 is satisfied with Lf =

0.5393.

Fig. 1. Simulation of Theorem 1 with M1 = 3 and M2 = 5.

Fig. 2. Simulation of Theorem 2 with ε1 = 1.3, Mη1 = 2, ε2 = 0.4, and
Mη2 = 4.

In this example, the reference trajectory is given as

g(k) =
[

3 sin(0.1kπ)

cos(0.2kπ) exp(−0.1k)

]
(k ≥ 0). (28)

Hence, g(0) = [0, 1]T and ‖g(k)‖ ≤ √
10 for all k ≥ 0, which

satisfies the definition of S1 in (2).
For both Theorems 1 and 2, in order to explain the effects of

parameters M and ε in the corresponding control algorithms,
we will use the same initial value y(0) = [2,−2]T , such that
y(0) 
= g(0). For Theorem 1, we set M1 = 3 and M2 = 5, to
illustrate that one can arbitrarily design the time instant after
which y(k) completely tracks g(k).

With (1), (4), (27), and (28), we use MATLAB program to
simulate the performances of trajectory tracking. The simula-
tion results shown in Fig. 1 accord with Theorem 1, that y(k)
can completely track g(k) from k = 3 (k = 5) on. As we dis-
cussed after the proof of Theorem 1, control law (4) cannot
guarantee the monotonic decrease of the norm of the tracking
error for all 0 ≤ k ≤ 2 (0 ≤ k ≤ 4).

For Theorem 2, arbitrarily design ε1 = 1.3 and ε2 = 0.4,
which are both less than

∥∥y(0) − g(0)
∥∥ = 3.6056. From (5),

with Lf = 0.5393, we have η1 = 1.6521 and η2 = 3.5609. As
a result, [η1] = 1, [η2] = 3, Mη1 = 2, and Mη2 = 4.

We then use MATLAB program to simulate
the performances of trajectory tracking according
to (1), (6), (27), and (28). The simulation results shown
in Fig. 2 accord with Theorem 2 that control input (6) not
only can make y(k) completely track g(k) after the time
instant Mη1 = 2 (Mη2 = 4), but also can make ‖y(k) − g(k)‖
decrease monotonically for all 0 ≤ k ≤ 1 (0 ≤ k ≤ 3).
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Fig. 3. Simulation of Theorem 3 with M1 = 3 and M2 = 5.

Besides, as we discussed after the proof of Theorem 2, that
when ‖y(0) − g(0)‖ > ε, a larger ε will bring a smaller Mη

and a faster convergence speed.

B. Simulation and Experiment Examples of Finite-Time
Partial Output Trajectory Tracking Control

For the partial output case, where m < n, we will give a
simulation example and an experiment example to illustrate
the theorems in Section III.

Example 2: For Theorems 3 and 4, consider a nonlinear
discrete-time system in the form of (10), where

fI(y(k)) = 1

3
y1(k) + y2(k), fII(y(k)) = sat(0.5y2(k))

G(y(k)) = 2 + sin(y1(k) − y2(k)). (29)

Here, m = 1 and n = 2; fI(y(k)), fII(y(k)), and G(y(k)) are
all continuous with respect to y(k) = [y1(k), y2(k)]T ∈ R

2;
fI(0) = 0 and fII(0) = 0. Therefore, system (29) satisfies the
description of model (10). Besides, ∀y, ȳ ∈ R

2, we have

‖ fI(y)‖ ≤ 1

3
|y1| + |y2|, Rank

[
G(y)

] = 1

‖ fII(y)−fII(ȳ)‖=|sat(0.5y2)−sat(0.5ȳ2)| ≤ 0.5|y2 − ȳ2|.
Then, Assumptions 3 and 4 are both satisfied, with L1 = (1/3)

and LII = 0.5. The reference trajectory is given as

h(k) = cos(0.2kπ) exp(−0.1k) (k ≥ 0). (30)

Then, h(0) = 1 and |h(k)| ≤ 1 for all k ≥ 0.
For both Theorems 3 and 4, in order to explain the effects of

M and δ in the corresponding control algorithms, we will use
the same initial value y(0) = [2,−2]T , such that y2(0) 
= h(0).
For Theorem 3, we set M1 = 3 and M2 = 5 to illustrate that
one can arbitrarily design the time instant from which on y2(k)
starts to completely track h(k) by choosing proper M.

Based on (10), (14), (29), and (30), we use MATLAB
program to simulate the performances of trajectory track-
ing. Fig. 3 shows the simulation results, which accord with
Theorem 3, that y2(k) can completely track h(k) from k = 3
(k = 5) on, and y1(k) is bounded for all k ≥ 0.

For Theorem 4, arbitrarily design δ1 = 0.1 and δ2 = 1,
which are both less than |y2(0) − h(0)| = 3. From (16), with
LII = 0.5, we have θ1 = 4.907 and θ2 = 1.585. As a result,
[θ1] = 4, [θ2] = 1, Mθ1 = 5, and Mθ2 = 2. We then use
MATLAB program to simulate the performances of trajectory
tracking according to (10), (17), (29), and (30).

Fig. 4. Simulation of Theorem 4 with δ1 = 0.1, Mθ1 = 5, δ2 = 1, and
Mθ2 = 2.

Fig. 5. VCM actuated servo gantry system.

The simulation results shown in Fig. 4 accord with
Theorem 4, that control input (17) not only can design the
time instant Mθ1 = 5 (Mθ2 = 2) after which y2(k) completely
tracks h(k), but also can make |y2(k) − h(k)| decrease mono-
tonically for all 0 ≤ k ≤ 4 (0 ≤ k ≤ 1). In the mean time,
y1(k) is bounded for all k ≥ 0. Besides, as we discussed after
the proof of Theorem 4, that when |y2(0)−h(0)| > δ, a larger
δ will bring a smaller Mθ and a faster convergence rate.

For Theorem 5, we will use an experiment example
to illustrate the effectiveness and practicability of control
method (24). The experimental subject is the servo gantry in
a VCM actuated servo gantry system, which is depicted in
Fig. 5. The manufacturer of this device is H2W Technologies,
Inc. and the product code is NCC10-15-023-1X.

Example 3: The dynamic model of this servo gantry is
⎧
⎨

⎩

y1(k + 1) = y1(k) + Ty2(k)
y2(k + 1) = y2(k) − KT

Mvcm
y1(k) − T

Mvcm
Ff (k)

+ TKFKu
Mvcm

u(k) − T
Mvcm

Fint(k).
(31)

In system (31), m = 1 and n = 2; y1(k) (in μm) and y2(k)
(in mm/s) represent the position and velocity of the VCM,
respectively; T = 0.1 ms is the sampling period; u(k) (in V)
is the control voltage; Ff (k) (in N) and Fint(k) (in N) are the
frictional force and interference force, respectively, where

Ff (k) =
{

Fc + (Fs − Fc) exp
[
−(y2(k)/Vs)

2
]

+ Fvy2(k)
}

× sgn(y2(k))

Fint(k) = 0.0073 sin(0.1Tkπ). (32)

Obviously, f2(y(k)) = y2(k) − (KT/Mvcm)y1(k) −
(T/Mvcm)Ff (k) is piecewise continuous in y(k) =
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TABLE I
PARAMETERS OF THE VCM ACTUATED

SERVO GANTRY SYSTEM

Fig. 6. Position trajectories with M1 = 200 and M2 = 500.

Fig. 7. Velocity trajectories with M1 = 200 and M2 = 500.

[y1(k), y2(k)]T , f2(0) = 0; and G(y(k)) = (TKFKu/Mvcm) is
a constant. Therefore, system (31) satisfies the description of
model (21).

The corresponding parameters are introduced in Table I.
As we discussed in Remark 2, since the interference

w(k) = −(T/Mvcm)Fint(k) (in mm/s) is clearly identified,
control input (24) can still be used just by adjusting it to

u(k) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

G−1(y(k))
[
γ kT − f2(y(k)) − w(k)

]

(0 ≤ k ≤ M − 1)

G−1(y(k))
[

q(k+2)−q(k+1)
T − f2(y(k)) − w(k)

]

(k ≥ M).

In this experiment, the reference trajectory is given as

q(k) = 10 + 100 sin(8Tkπ) (k ≥ 0). (33)

Then, q(0) = 10 and |q(k)| ≤ 110 (in μm) for all k ≥ 0,
which satisfies the definition of S3 in (22).

We set y(0) = [0, 0]T and choose M1 = 200, M2 = 500 to
illustrate the effect of parameter M. Figs. 6 and 7 show the
experiment results, which basically accord with Theorem 5,
that one can arbitrarily design the time instant k = M
after which y1(k) completely tracks q(k), while keeping y2(k)
bounded for all k ≥ 0.

Note that in Fig. 6 the position y1(k) does not track q(k)
very well at the peaks and valleys. This is because the servo
gantry changes the moving direction at these places, but the
inertia and frictional force will impede the proper movements
of it. Besides, model (31) actually has modeling errors that
certainly influence the control precision.

V. CONCLUSION

The proposed control methods in this paper are applied to
make the system output (or, part of it) completely track the ref-
erence trajectory in finite time (while keeping the other part of
the system output bounded). One highlight is that they are fea-
sible no matter whether the dynamic models of the controlled
systems are smooth or nonsmooth.

The control methods proposed in the proofs of
Theorems 1, 3, and 5 can arbitrarily design the time
instant when the (partial) output trajectory and the reference
trajectory begin to coincide with each other, but they cannot
guarantee the monotonic decrease of the norm of the tracking
error before that time instant. The control methods proposed
in the proofs of Theorems 2 and 4 not only can determine
the time instant after which the complete trajectory tracking
is accomplished, but also can make the norm of the tracking
error decrease monotonically before that time instant. On
the other hand, for the partial output case, the control
methods proposed in the proofs of Theorems 3–5 can keep
the other partial output bounded for all the time. Another
highlight of these control methods is that they are designed
in a constructive way. The above advantages are the main
contribution of this paper.

In the end, the feasibility and validity of these control meth-
ods are demonstrated by simulation and practical experiment.

REFERENCES

[1] Z. Wang and F. Gao, “Adaptive output trajectory tracking control for a
class of affine nonlinear discrete-time systems,” IEEE Trans. Syst., Man,
Cybern., Syst., vol. 46, no. 3, pp. 326–333, Mar. 2016.

[2] Z. Li et al., “Trajectory-tracking control of mobile robot systems
incorporating neural-dynamic optimized model predictive approach,”
IEEE Trans. Syst., Man, Cybern., Syst., vol. 46, no. 6, pp. 740–749,
Jun. 2016.

[3] Z. Wang and Y. Man, “Sufficient and necessary conditions on finite-
time tracking,” IEEE Trans. Syst., Man, Cybern., Syst., to be published,
doi: 10.1109/TSMC.2016.2578359.

[4] H. Li, L. Wang, H. Du, and A. Boulkroune, “Adaptive fuzzy backstep-
ping tracking control for strict-feedback systems with input delay,” IEEE
Trans. Fuzzy Syst., vol. 25, no. 3, pp. 642–652, Jun. 2017.

[5] H. Wang, P. Shi, H. Li, and Q. Zhou, “Adaptive neural tracking con-
trol for a class of nonlinear systems with dynamic uncertainties,” IEEE
Trans. Cybern., to be published, doi: 10.1109/TCYB.2016.2607166.

[6] Z. Zhang, S. Xu, and B. Zhang, “Asymptotic tracking control of uncer-
tain nonlinear systems with unknown actuator nonlinearity,” IEEE Trans.
Autom. Control, vol. 59, no. 5, pp. 1336–1341, May 2014.

[7] B. Zhao, B. Xian, Y. Zhang, and X. Zhang, “Nonlinear robust adap-
tive tracking control of a quadrotor UAV via immersion and invariance
methodology,” IEEE Trans. Ind. Electron., vol. 62, no. 5, pp. 2891–2902,
May 2015.

[8] Z. Li, H. H. T. Liu, B. Zhu, H. Gao, and O. Kaynak, “Nonlinear
robust attitude tracking control of a table-mount experimental helicopter
using output feedback,” IEEE Trans. Ind. Electron., vol. 62, no. 9,
pp. 5665–5676, Sep. 2015.

[9] B. Li, Y. Fang, G. Hu, and X. Zhang, “Model-free unified tracking
and regulation visual servoing of wheeled mobile robots,” IEEE Trans.
Control Syst. Technol., vol. 24, no. 4, pp. 1328–1339, Jul. 2016.



WANG et al.: FINITE-TIME TRAJECTORY TRACKING CONTROL OF CLASS OF NONLINEAR DISCRETE-TIME SYSTEMS 1687

[10] A.-M. Zou, K. D. Kumar, Z.-G. Hou, and X. Liu, “Finite-time atti-
tude tracking control for spacecraft using terminal sliding mode and
Chebyshev neural network,” IEEE Trans. Syst., Man, Cybern. B,
Cybern., vol. 41, no. 4, pp. 950–963, Aug. 2011.

[11] N. Wang, C. Qian, J.-C. Sun, and Y.-C. Liu, “Adaptive robust finite-time
trajectory tracking control of fully actuated marine surface vehicles,”
IEEE Trans. Control Syst. Technol., vol. 24, no. 4, pp. 1454–1462,
Jul. 2016.

[12] C.-L. Lin, Y.-M. Chang, C.-C. Hung, C.-D. Tu, and C.-Y. Chuang,
“Position estimation and smooth tracking with a fuzzy-logic-based adap-
tive strong tracking Kalman filter for capacitive touch panels,” IEEE
Trans. Ind. Electron., vol. 62, no. 8, pp. 5097–5108, Aug. 2015.

[13] G. Lai, Z. Liu, Y. Zhang, and C. L. P. Chen, “Adaptive fuzzy track-
ing control of nonlinear systems with asymmetric actuator backlash
based on a new smooth inverse,” IEEE Trans. Cybern., vol. 46, no. 6,
pp. 1250–1262, Jun. 2016.

[14] X. Gao, D. You, and S. Katayama, “Seam tracking monitoring based on
adaptive Kalman filter embedded Elman neural network during high-
power fiber laser welding,” IEEE Trans. Ind. Electron., vol. 59, no. 11,
pp. 4315–4325, Nov. 2012.

[15] L. Zhang, Q. Ye, W. Yang, and J. Jiao, “Weld line detection and tracking
via spatial-temporal cascaded hidden Markov models and cross struc-
tured light,” IEEE Trans. Instrum. Meas., vol. 63, no. 4, pp. 742–753,
Apr. 2014.

[16] D. Chwa, “Fuzzy adaptive output feedback tracking control of VTOL
aircraft with uncertain input coupling and input-dependent disturbances,”
IEEE Trans. Fuzzy Syst., vol. 23, no. 5, pp. 1505–1518, Oct. 2015.

[17] L. Wang and J. Su, “Robust disturbance rejection control for attitude
tracking of an aircraft,” IEEE Trans. Control Syst. Technol., vol. 23,
no. 6, pp. 2361–2368, Nov. 2015.

[18] L. Ma, S. Wang, H. Min, Y. Liu, and S. Liao, “Distributed finite-time atti-
tude dynamic tracking control for multiple rigid spacecraft,” IET Control
Theory Appl., vol. 9, no. 17, pp. 2568–2573, Nov. 2015.

[19] K. Lu, Y. Xia, C. Yu, and H. Liu, “Finite-time tracking control of rigid
spacecraft under actuator saturations and faults,” IEEE Trans. Autom.
Sci. Eng., vol. 13, no. 1, pp. 368–381, Jan. 2016.

[20] H. Liu, X. Tian, G. Wang, and T. Zhang, “Finite-time H∞ control
for high-precision tracking in robotic manipulators using backstepping
control,” IEEE Trans. Ind. Electron., vol. 63, no. 9, pp. 5501–5513,
Sep. 2016.

[21] S. Yu and X. Long, “Finite-time consensus tracking of perturbed high-
order agents with relative information by integral sliding mode,” IEEE
Trans. Circuits Syst. II, Exp. Briefs, vol. 63, no. 6, pp. 563–567,
Jun. 2016.

[22] C. Li, D. Liu, and H. Li, “Finite horizon optimal tracking control of
partially unknown linear continuous-time systems using policy iteration,”
IET Control Theory Appl., vol. 9, no. 12, pp. 1791–1801, Aug. 2015.

[23] S. Jin, Z. S. Hou, R. Chi, and Y. Li, “Discrete-time adaptive iterative
learning control for permanent magnet linear motor,” in Proc. IEEE
5th Int. Conf. Cybern. Intell. Syst. (CIS), Qingdao, China, Sep. 2011,
pp. 69–74.

Zhuo Wang (M’15) was born in Handan, China,
in 1983. He received the B.E. degree in automation
from Beihang University, Beijing, China, in 2006,
and the Ph.D. degree in electrical and computer engi-
neering from the University of Illinois at Chicago,
Chicago, IL, USA, in 2013.

He was a Post-Doctoral Fellow with the
Department of Electrical and Computer Engineering,
University of Alberta, Edmonton, AB, Canada,
from 2013 to 2014. He was a Research Assistant
Professor with the Fok Ying Tung Graduate School,

Hong Kong University of Science and Technology, Hong Kong, from
2014 to 2015. He was selected for the Thousand Talents Program for
Distinguished Young Scholars by the Organization Department of the CPC
Central Committee and the 100 Talents Program by Beihang University, in
2015. He is currently a Professor with the School of Instrumentation Science
and Optoelectronics Engineering, Beihang University.

Renquan Lu (M’06) was born in Hubei, China,
in 1971. He received the Ph.D. degree in automa-
tion from Zhejiang University, Hangzhou, China in
2004.

In 2008, he served as a Visiting Professor with the
Department of Electrical and Computer Engineering,
University of Newcastle, Callaghan, NSW, Australia,
for six months. He is currently a Full Professor with
the Guangdong Key Laboratory of IOT Information
Processing, Guangdong University of Technology,
Guangzhou, China. He has published over 60 journal

papers in the fields of robust control and networked control systems.

Hong Wang (SM’06) received the B.S. degree from
the Huainan University of Mining Engineering,
Huainan, China, in 1982, and the M.S. and Ph.D.
degrees from the Huazhong University of Science
and Technology, Wuhan, China, in 1984 and 1987,
respectively.

He was a Research Fellow with Salford
University, Salford, U.K., Brunel University,
Uxbridge, U.K., and Southampton University,
Southampton, U.K. In 1992, he joined the
University of Manchester Institute of Science

and Technology, Manchester, U.K., in 1992, where he was a Professor of
Process Control from 2002 to 2016. He has been with Pacific Northwest
National Laboratory, Richland, WA, USA, as a Laboratory Fellow and a
Chief Scientist since 2016. His current research interests include stochastic
distribution control, fault detection and diagnosis, nonlinear control, and
data-based modeling for complex systems. He has published 200 papers and
three books in the above areas.

Dr. Wang was an Associate Editor of the IEEE TRANSACTIONS ON

AUTOMATIC CONTROL and currently serves as an Associate Editor for
the IEEE TRANSACTIONS ON CONTROL SYSTEMS TECHNOLOGY and the
IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Helvetica
    /Helvetica-Bold
    /HelveticaBolditalic-BoldOblique
    /Helvetica-BoldOblique
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryITCbyBT-MediumItal
    /ZapfChancery-MediumItalic
    /ZapfDingBats
    /ZapfDingbatsITCbyBT-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Recommended"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


